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This paper provides a comprehensive investigation of the cellular
approximation functor cellA G , in the category of groups, appro-
ximating a group G by a group A. We also study related notions
such as A-injection, A-generation and A-constructibility of a group
G and we ﬁnd several interesting connections with the Schur
multiplier H2(G,Z). Our constructions are direct and are given in
a slow and detailed manner.
© 2008 Elsevier Inc. All rights reserved.
Introduction
The concept of cellularity was introduced originally in homotopy theory and has been used to
organize information about spaces. Recently, it has been increasingly applied to study objects in other
categories. Indeed, related methods lead, for example, to new results in commutative algebra and
representation theory of ﬁnite-dimensional algebras [BKrI,Ki1,Ki2,Kr,N]. They lead also to far reaching
generalizations and interpretations of duality in algebra and topology [DGI]. In recent years there has
been a growing activity towards understanding the concept of cellularity in the context of groups as
well, see for example [A,CaD,CaRoSce,CFGS,FGS,Fl,MP,RoSc].
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632 W. Chachólski et al. / Journal of Algebra 321 (2009) 631–666In the present paper we aim at explaining the concept of cellularity for groups and the methods of
studying it in concrete and pure group theoretic terms. As we will see, this concept leads to some in-
teresting connections with the Schur multiplier4: H2(G,Z), a connection that was ﬁrst studied in [Fl].
Let A be a group. In principle, A-cellularity is about studying group homomorphisms out of A.
Thus the functorial properties of Hom(A,G) with respect to a group G are fundamental. Depending on
how much information about the functor G → Hom(A,G) one would like to capture, three functorial
A-approximations of a group G have been studied:
cellA G
cA
genA G conA G G
The subgroup genA G ⊆ G , called in [BeCa] the subgroup of G swept by A, is simply the subgroup of
G generated by all homomorphic images of A in G . Thus in this paper we call genA G the A-generated
subgroup of G and when genA G = G we say that G is A-generated.
The subgroup conA G ⊆ G has been often called the A-radical of G (see for example [Bous1,BeCa,
Ca,RoSce1,RoSce2]) and has been extensively studied. As explained in [Ca], conA G can be constructed
using genA G repeatedly: deﬁne an ascending sequence of normal subgroups Ai(G) of G , for any
ordinal i, as follows. A0(G) = genA G , if β = α + 1 is a successor let Aβ(G) be the inverse image in
G of genA(G/Aα(G)); if β is a limit ordinal, let Aβ(G) :=
⋃
i<β Ai(G). Deﬁne conA(G) :=
⋃
β Aβ(G).
In this paper we call conA(G) the A-constructible core of G and when conA G = G we say that G is
A-constructible. The subgroup conA G is the kernel of the localization map G → L f G with respect to
the trivial map f : A → 1, see [Ca], but we shall not deal with this interpretation here.
The notions of an A-cellular group and that of A-approximation are somewhat more complicated
(and hence more mysterious). Roughly speaking the A-approximation, or the A-cellular cover, of a
group G is a group cellA G which can be “constructed” out of A, in a precise sense, and which “best”
approximates G . This “best” approximation is given in terms of a map cA : cellA G → G . More precisely,
call a group homomorphism f : X → Y an A-equivalence if f induces, via composition, a bijection
Hom(A, X) → Hom(A, Y ). A group C is A-cellular if any A-equivalence is a C-equivalence. The A-
cellular cover of a group G is an A-equivalence cA : cellA G → G such that cellA G is A-cellular.
The notion of an A-cellular cover, was discussed by several authors including some of the present
ones (see for example [CFGS,DGI,FGS,Fl,RoSc]). One motivation for this work is to try to understand the
topological analog of cellA G namely the cellular approximation denoted often by cwAX for pointed
spaces A, X , as in [F,Fl]. It is not hard to see that if one takes X to be an Eilenberg–MacLane space
K (G,1) then the fundamental group π1cwAK (G,1) is a split extension of the algebraically deﬁned
cellπ1A G . The two are isomorphic if A is two-dimensional and also when π1A is perfect. It is likely
that the fundamental group of cwAK (G,1) is always cellπ1A G . More generally the results below give
rise to the question as to whether for a ﬁnite group G all the higher homotopy groups of cwAK (G,1)
are ﬁnite groups. For G = GLn(F ), a general linear group over a ﬁnite ﬁeld F , and a proper choice
of A these higher homotopy groups are approximations of the algebraic K -theory of F (see [BeCa,
Proposition 5.4], where A = BH and where H is an acyclic group that has a ﬁnite-dimensional Z-
representation). For G = Sn, the symmetric group, the higher homotopy groups πicwAK (Sn,1) give
approximations for the stable homotopy groups of spheres. In both cases they are closely related to
Quillen’s X+-construction.
One of our results in this paper is a straightforward construction of cellA G in terms of the simpler
conA (which always gives a normal subgroup). In Section 7 we prove (cf. [C, Theorem 20.5]):
4 See [BeyT, Section 5] for a discussion on some confusion regarding the terminology ‘Schur multiplier’ which, in many places,
is deﬁned differently as H2(G,C×) ∼= Hom(H2(G,Z),C×).
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and cA : cellA G → G is the homomorphism induced by ev.
Of special interest to us is to ﬁnd restrictions on the structure of the kernel K := ker cA of the
A-cellular cover cA : cellA G → G . In various cases we ﬁnd restrictions on K such as being torsion
free or reduced (i.e. abelian without divisible subgroups), see also [FGS,FGSS]. We show tight connec-
tions between K and the Schur multiplier H2(G,Z). The following theorem is an illustration of such
a connection in the case when G is ﬁnite, and generalizes results of R. Flores in [Fl]. As explained
below, the image of cA is genA G , and cA : cellA G → genA G is the A-cellular cover of genA G , so we
often assume that G is A-generated. Moreover, the kernel K of cA is always central in cellA G . Thus
in the case when G is A-generated, the cover cA : cellA G → G is a central extension of G by K , and
it is natural to ask what is the corresponding element in H2(G, K ), recalling that this group classiﬁes
all central extensions of K by G . We denote by μ : H2(G, K ) → Hom(H2(G,Z), K ) the homomor-
phism obtained by the Universal Coeﬃcient Theorem (cf. [Rob, 11.4.18]), and we call it the universal
coeﬃcient homomorphism. Recall from [Rob, 11.4.18], that a central extension f : X  Y determines
a homomorphism b : H2(Y ,Z) → ker f (called the differential of f ). Some of our results are proven
under the following hypothesis:
H1(A,Z) is ﬁnitely generated and H2(A,Z) is A-constructible. (∗)
In Section 9 we prove (see Theorem 9.7):
Theorem 2. Let G be an A-generated ﬁnite group and let K be the kernel of the A-cellular cover
cA : cellA G G. Assume that A satisﬁes (∗). Then the universal coeﬃcient homomorphism μ : H2(G, K ) →
Hom(H2(G,Z), K ) is an isomorphism. Moreover, the homomorphism b : H2(G,Z) → K , corresponding to the
central extension cA : cellA G G, is surjective and its kernel is conA(H2(G,Z)).
When A is nilpotent we can say more. Recall that a central extension f : X Y is a stem extension
if ker f  [X, X] and that f is a stem cover of Y if, in addition, its differential b : H2(Y ,Z) → ker( f ) is
an isomorphism.
Theorem 3. Let A be a nilpotent group and let G be an A-generated ﬁnite group. Let c˜ : X → G be a stem cover
of G. Then the homomorphism c : X/ conA(ker c˜) → G induced by c˜ is the A-cellular cover of G.
Theorem 3 is proved in Section 9 (see Theorem 9.1). Theorems 1, 2 and 3 can be interpreted as
measuring the difference between A-generated groups and A-cellular groups, i.e. groups G for which
cA : cellA G → G is an isomorphism:
Corollary 4. Let A be a group such that either A satisﬁes (∗) or A is nilpotent. A ﬁnite group G is A-cellular iff
it is A-generated and H2(G,Z) is A-constructible.
Since the A-cellular cover of a group is unique we get another interesting corollary:
Corollary 5. Let A be a nilpotent group and let G be a ﬁnite A-generated group. Let f : X → G be a stem cover
of G. Then X/ conA(H2(G,Z)) is independent of X . In particular, if H2(G,Z) is A-null, then G has a unique
stem cover.
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prime (see Proposition 1.9), and we note that the last remark in Corollary 5 follows from that.
The proofs of Theorems 1, 2 and 3 rely on understanding A-properties of homomorphisms. In
Section 2 we explain what we mean by “A-properties” and then in the following sections we analyze
some of these properties. Thus there is a variety of further results throughout the paper. One of the
more useful of those is that the A-cellular cover cA : cellA G → G of a ﬁnite A-generated group G is a
stem extension of G as the following proposition implies (because cA is an A-injection). We say that
a group homomorphism f : X → Y is an A-injection if the map of sets Hom(A, f ) :Hom(A, X) →
Hom(A, Y ), induced by composition with f , is injective.
Proposition 6. Let f : X → Y be a surjective map which is also an A-injection. Assume that X is A-generated.
Then:
(1) f −1(Z(Y )) = Z(X), in particular ker f is contained in the center Z(X) of X.
(2) If Y is ﬁnite, then X is ﬁnite and ker f is contained in the last term of the lower central series of X . Further
π(X) ⊆ π(Y ), where π(X) is the set of primes dividing |X |.
The organizational principle that guided us while writing this paper is as follows. First we de-
ﬁne all notions (A-generation, A-constructibility and A-cellularity) using universal properties, as we
believe this is the simplest and most canonical way of introducing them. This is the content of Sec-
tion 2. We then discuss separately these notions. The content of Section 3, discussing A-generation,
is not new. Neither is part of the content of Section 4, discussing A-constructibility. However, we
recall this material not only for self containment, but also to illustrate the setup which we use
to organize and present our results about A-cellularity, the notion that interests us the most. We
start discussing each concept by giving key and characteristic properties of the discussed groups
(A-generated groups, A-constructible groups, and A-cellular groups). We then present a construc-
tion that is supposed to measure how far a group is from being in the discussed collection. Finally we
prove that this construction satisﬁes the required universal property. This setup is rather straight-
forward for the A-generation and A-constructibility. The case of the A-cellularity requires more
preparation though. In particular we need to discuss in more details A-injections and A-equivalences,
which is the content of Sections 5 and 6. We note that in this introduction we chose to introduce
genA G and conA G in a constructive way as this is more explicit and accessible.
We also decided to include in the paper a review of results related to the Schur multiplier in
Section 1. We did this to set up notation and to make the paper more self contained.
The notation of this paper follows [FGS,CFGS]. In particular Hom(X, Y ) is the set of homomor-
phisms from the group X to the group Y , and the equality Hom(X, Y ) = 0 means that this set
contains only the trivial homomorphism. We denote by C(n) the cyclic group of order n and by
C(p∞) the quotient Z[1/p]/Z. Throughout this paper maps are (usually) applied on the right and are
(always) composed from left to right.
1. Schur multiplier
Several of our results in this paper are formulated and proven using the Schur multiplier. In this
section we recall some well known properties of this invariant. We present them for self containment
and to set up notation used in the rest of the paper. We refer the reader to e.g. [G,Ka,W], for further
information about the Schur multiplier. Anyone familiar with these notions can skip this section and
refer to it while reading the rest of the paper.
For a group G , H1(G) is the abelianization G/[G,G]. We write H2(G) to denote the Schur mul-
tiplier H2(G,Z). Recall that if G is ﬁnite, then the exponent of H2(G) divides |G| (see, e.g. [Ka,
Theorem 2.1.5, p. 17]).
We start by recalling that:
Proposition 1.1. The Schur multiplier and the abelianization take coproducts of groups (free products) into
coproducts of abelian groups (direct sum).
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H1(−,Z) commutes with coproducts is easily veriﬁed. (In fact Hi(−,Z) commutes with coproducts
for all i  1, by Van Kampen Theorem.) 
Throughout this section
f : X Y , K := ker f ,
is a surjective group homomorphism whose kernel is K . We recall that this leads to a sequence of
homomorphisms of abelian groups:
H2(X)
a−→ H2(Y ) b−→ K/[K , X] c−→ H1(X). (1.1)
The homomorphism b (called the differential of f ) turns out to be natural with respect to f . Naturality
means that for surjective homomorphisms f : X → Y and f ′ : X ′ → Y , any φ : X → X ′ , for which
















where K ′ = ker f ′ and φ : K/[K , X] → K ′/[K ′, X ′] is induced by φ : X → X ′ . To sketch proofs of these
statements we are going to use the Hopf Theorem [Rob, 11.4.15, p. 347]:
Theorem 1.2. Let F  G be a free presentation of G, i.e., a surjective homomorphism with F a free group. Let
L be the kernel of this presentation. Then H2(G) is isomorphic to (L ∩ [F , F ])/[L, F ].
Let us choose a free presentation p : F  X . Set L := ker p and T := ker(pf ). Note that (T )p = K ,
and the kernel of the induced homomorphism p : T  K coincides with L. The following commutative
diagram arranges all the information needed to describe the relevant homology groups, homomor-
phisms and naturality:
[L, F ] L ∩ [F , F ] L L
[T , F ] T ∩ [F , F ] T F
p
pf[K , X] K ∩ [X, X] K X
fφ
[K ′, X ′] K ′ ∩ [X ′, X ′] K ′ X ′ f ′ Y
According to the Hopf Theorem we have that H2(X) = (L ∩ [F , F ])/[L, F ] and, if f is surjective, then
H2(Y ) = (T ∩ [F , F ])/[T , F ]. Suppose that f is surjective. Deﬁne a : H2(X) → H2(Y ) to be the homo-
morphism given by v[L, F ] → v[T , F ], i.e. it is induced by the inclusion L ∩ [F , F ] ⊆ T ∩ [F , F ]. Deﬁne
b : H2(Y ) → K/[K , X] to be the homomorphism given by v[T , F ] → p(v)[K , X], i.e. it is induced by
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be given by v[K , X] → v[X, X], i.e. it is induced by the inclusion K ⊆ X . From this description, it is
then clear that (v[T , F ])b′ = (v)pφ[K ′, X ′] coincides with ((v[T , F ])b)φ. This is precisely the equality
required for the diagram (1.2) to commute and the naturality of the differential f → b follows.
Proposition 1.3. Let f be surjective. Then the sequence (1.1) is exact.
Proof. The image of b is:
p
(
T ∩ [F , F ])[K , X]/[K , X] = (K ∩ [X, X])[K , X]/[K , X]
which is exactly ker c. Next note that kerb = (L ∩ [F , F ])[T , F ]/[T , F ] which is exactly the image
of a. 
Assume now that K is central in X . This is equivalent to [K , X] = 1 and the exact sequence (1.1)
becomes:
H2(X)
a−→ H2(Y ) b−→ K c−→ H1(X). (1.3)
Let us recall the classical interpretation of the association f → b in case f is surjective and K is
central in X . Such homomorphisms are called central extensions of Y by K . Two central extensions
f : X → Y and f ′ : X ′ → Y , of Y by K , are equivalent if there is a homomorphism φ : X → X ′ , for
which φ f ′ = f and φ restricted to K is the identity. Such φ necessarily has to be an isomorphism.
Let us recall that the second cohomology group H2(Y , K ) is in bijective correspondence with the
equivalence classes of central extensions of Y by K (see [Rob, 11.1.4, p. 318]). Identifying H2(Y , K )
with the set of the equivalence classes of central extensions of Y by K , via this bijection, the map
H2(Y , K )  [ f ] → b ∈ Hom(H2(Y ), K ), which we denote by μ, is a well deﬁned surjective group
homomorphism. Here [ f ] denotes the equivalence class of the central extension f : X → Y , of Y by K .
Its kernel is isomorphic to Ext1(H1(Y ), K ), the subgroup of H2(H1(Y ), K ) which corresponds to the
equivalence classes of abelian extensions. The obtained short exact sequence is called the universal
coeﬃcient exact sequence [Rob, 11.4.18, p. 349]:
0→ Ext1(H1(Y ), K )→ H2(Y , K ) μ−→ Hom(H2(Y ), K )→ 0. (1.4)
We call μ the universal coeﬃcient homomorphism. This sequence is natural. For any homomorphism
φ : K → K ′ , there is a commutative diagram:
Ext1(H1(Y ), K )
Ext1(H1(Y ),φ)
H2(Y , K )
μ
H2(Y ,φ)
Hom(H2(Y ), K )
Hom(H2(Y ),φ)
Ext1(H1(Y ), K ′) H2(Y , K ′)
μ′
Hom(H2(Y ), K ′)
The homomorphism H2(Y , φ) can be reinterpreted in terms of central extensions as follows. Let
f : X → Y be a central extension of Y by K . Set X ′ := (X × K ′)/L, where L is the subgroup con-
sisting of the pairs (x, φ(x)) for any x ∈ K . Deﬁne f ′ : X ′ → Y to be the homomorphism that sends
the class [(x,k′)] to f (x). Note that since f (x) = 1 for any x ∈ K , f ′ is well deﬁned. Note further
that K ′  k′ → [(1,k′)] ∈ X ′ is the kernel of f ′ which is central. In this way f ′ : X ′ → Y becomes
a central extension of Y by K ′ . The homomorphism H2(Y , φ) can be identiﬁed with the mapping
H2(Y , K )  f → f ′ ∈ H2(Y , K ′). Further, the assignment X  x → [(x,1)] ∈ X ′ is a homomorphism
whose composition with f ′ is f and its restriction to the kernels of f and f ′ coincides with φ. We
thus denote this homomorphism also by φ. Since φ f ′ = f , by naturality of the differentials, we have
μ( f ′) = μ( f ′)φ. This is precisely commutativity of the right hand square in the above diagram.
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(i) The homomorphism μ : H2(G, A) → Hom(H2(G), A) is an isomorphism.
(ii) |H1(G)| and |A| are relatively prime.
(iii) Hom(G, A) = 0.
If, in addition, G is nilpotent, then the above statements are equivalent to
(iv) H2(G, A) = 0.
Proof. Recall that for ﬁnite abelian groups B and C , the groups Ext1(B,C), Hom(B,C) and B ⊗ C are
isomorphic. In particular Ext1(B,C) = 0 iff the orders |B| and |C | are relatively prime. The equivalence
between (i)–(iii) follows now from Eq. (1.4).
Suppose that G is nilpotent. Then the set of primes π(H1(G)) = π(G) and hence π(H2(G)) ⊆
π(H1(G)). Then by using (1.4) it is easy to show the equivalence between (ii) and (iv). 
Among central extensions we will be particularly interested in the so called stem extensions and
stem covers:
Deﬁnition 1.5. A central extension f : X → Y , of Y by K , is called stem if its differential b : H2(Y ) → K
is an epimorphism. Equivalently, f is a stem extension if ker f  [X, X] (see Proposition 1.6). The ho-
momorphism f is called a stem cover if its differential is an isomorphism. Two stem covers f : X → Y
and f ′ : X ′ → Y are called isomorphic if there is an isomorphism φ : X → X ′ for which φ f ′ = f .
Proposition 1.6. Let f : X → Y be a central extension of Y by K . The following statements are equivalent:
(i) K  [X, X].
(ii) The sequence
H2(X)
a−→ H2(Y ) b−→ K → 0 (1.5)
is exact.
(iii) f is a stem extension.
Proof. Notice that f is a stem extension iff the homomorphism c : K → H1(X) of Eq. (1.3) is trivial.
However c is the composition of the inclusion K ⊂ X and the quotient homomorphism X → X/[X, X].
Hence K ⊆ [X, X] iff c is trivial, so the proposition holds. 
Let us make the following immediate observation.
Lemma 1.7. Let f : X → Y be a stem extension and let H  X be a subgroup such that H ker f = X. Then
H = X.
Proof. Since ker f is abelian X/H is abelian, so [X, X] H . Hence ker f  H and H = X . 
Proposition 1.8. Let f : X → Y be a central extension of Y by K and g : Y → Z be a central extension of Z
by L. If Hom(X, K ) = 0, then f g is a central extension. If in addition f and g are stem, then so is f g.
Proof. Let T = ker f g . We need to show that T is central in X . For any c ∈ T we have f (c) ∈ L, so
[c, x] ∈ K , for all x ∈ X . Since K is central, the association X  x → [c, x] ∈ K is then a group ho-
momorphism, which has to be trivial as by assumption Hom(X, K ) = 0. This means that any c ∈ T
is in the center of X . Assume now that f and g are stem. Of course f −1([Y , Y ]) = K [X, X], so
f −1([Y , Y ]) = [X, X]. Then since L  [Y , Y ] we see that T = f −1(L) [X, X]. 
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Proposition 1.9. There is a bijection between the collection of isomorphism classes of stem covers of G and
Ext1(H1(G), H2(G)). In particular any group admits a stem cover. Moreover a ﬁnite group G has a unique
stem cover iff |H1(G)| and |H2(G)| are relatively prime.
Proof. Consider the universal coeﬃcient exact sequence:
0→ Ext1(H1(G), H2(G))→ H2(G, H2(G)) μ−→ Hom(H2(G), H2(G))→ 0.
By its exactness, Ext1(H1(G), H2(G)) is in bijection with μ−1(idH2(G)). It remains to show that the
isomorphism classes of stem covers of G are in bijection with μ−1(idH2(G)). The set μ−1(idH2(G))
can be identiﬁed with the set of equivalence classes of central extensions of G by H2(G) whose
differential is idH2(G) . We now deﬁne the required bijection. Let f : X → G be a stem cover, so its
differential b : H2(G) → H2(G) = ker f is an isomorphism. We are going to assign to f the central
extension given by the element ([ f ])H2(G,b−1) ∈ H2(G, H2(G)). By naturality, the differential of this
extension is idH2(G) and so ([ f ])H2(G,b−1) ∈ μ−1(idH2(G)). It is now straightforward to show that the
assignment f → f ′ is a bijection between the isomorphism classes of stem covers of G and the set
μ−1(idH2(G)). 
Stem covers are maximal among stem extensions:
Proposition 1.10. Let f ′ : X ′ → Y be a stem extension. Then there is a stem cover f : X → Y and an epimor-
phism ψ : X → X ′ such that, ψ f ′ = f .
Proof. Let b′ : H2(Y ) → K ′ := ker f ′ be the differential of f ′ . Consider a commutative diagram, in-
duced by b′:
Ext1(H1(Y ), H2(Y ))
Ext1(H1(Y ),b′)
H2(Y , H2(Y ))
μ
H2(Y ,b′)
Hom(H2(Y ), H2(Y ))
Hom(H2(Y ),b′)
Ext1(H1(Y ), K ′) H2(Y , K ′)
μ′
Hom(H2(Y ), K ′)
To show the proposition, we need to prove that the element of H2(Y , K ′), corresponding to the ex-
tension f ′ , is in an image, under H2(Y ,b′), of some stem cover f of Y . Note however that since b′ is
surjective, then so is Ext1(H1(Y ),b′). Now let g be a stem cover of Y corresponding to some element
in μ−1(idH2(G)). Then, using the surjectivity of Ext1(H1(Y ),b′), a basic diagram chase shows that g
can be adjusted (by some element corresponding to an element in the kernel of μ) to a stem cover
f whose image is f ′ . 
We conclude this summary of properties of objects related to the Schur multiplier with a con-
struction of the universal central extension of a perfect group.
Assume now that Y is perfect. In this case Ext1(H1(Y ), H2(Y )) = 0 and consequently Y has a
unique stem cover. This unique cover is called, as is well known, the universal central extension of Y .
Here is how one can construct it:
Proposition 1.11. Let X be a super perfect group (i.e., H1(X) = 0 and H2(X) = 0) and f : X → Y be a
surjective homomorphism. Then X/[X,ker f ] is super perfect. In particular the map g : X/[X,ker f ] → Y
induced by f , is the universal central extension of Y .
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is perfect, [X, K , X] = [X, K ] (this follows from [Rob, 5.1.10, p. 136]). Let Y˜ := X/[X, K ] and consider
the sequence (1.1) for the surjective homomorphism f ′ : X → Y˜ . Let K ′ := ker f ′ . Then K ′ = [X, K ],
so [K ′, X] = K ′ and it follows that K ′/[K ′, X] = 1. Since H2(X) = 0, Eq. (1.1) implies that H2(Y˜ ) = 0.
Clearly Y˜ is perfect, so Y˜ is super perfect as asserted. Applying the exact sequence in Eq. (1.3) to the
central extension g : Y˜ → Y , we see that its differential is an isomorphism, so g is a stem cover. 
2. A-properties of groups
We study groups and group homomorphisms from the perspective of a ﬁxed group A. What does
it mean? For us this means that we will study the following notions of equivalences, injections and
triviality induced by A:
Deﬁnition 2.1. A homomorphism f : X → Y is called an A-equivalence, A-injection, A-surjection or A-
trivial, if respectively the map of sets
Hom(A, f ) : Hom(A, X) → Hom(A, Y )
induced by composition with f , is a bijection, injection, surjection or its image consists of only the
trivial homomorphism.
These A-notions for homomorphisms lead to the following A-notions for groups:
Deﬁnitions 2.2. Let G be a group.
(1) G is called A-null if Hom(A,G) = 0, or equivalently if 1→ G is an A-equivalence, or equivalently
if id : G → G is an A-trivial homomorphism.
(2) G is A-generated if any A-trivial homomorphism is also G-trivial.
(3) G is A-constructible if any A-null group is also G-null.
(4) G is A-cellular if any A-equivalence is also a G-equivalence.
We chose to introduce A-cellularity, A-generation and A-constructibility using universal properties.
In the following sections we will discuss these notions in more detail and give several examples.
We will also recall their more concrete equivalent characterizations which have been often used as
deﬁnitions.
How can we verify that a homomorphism is an A-equivalence, A-injection, or A-trivial or that
a group is A-cellular, A-constructible, or A-generated and what does this information say about the
homomorphism and the group? How far a group is from being A-cellular, A-constructible, or A-
generated and how can we measure this? These are the questions that we are addressing in this
paper.
As an example notice that f : X → Y is a C(2)-equivalence if it induces a bijection between the
sets of elements of order 2 in X and Y . Suppose f is a C(2)-equivalence. Then f induces a bijection
between involutions, and hence if D  X is a dihedral subgroup of X , then the restriction of f to D is
injective. Further, since f induces a surjection on involutions, for any dihedral subgroup D of Y there
exists a dihedral subgroup D of X such that Df = D. A moment of thought shows how this implies
that f is also a D2n-equivalence, for any n (where D2n is a dihedral group of order 2n). Hence D2n is
C(2)-cellular (compare with the last two lines of [Fl, Section 5.1, p. 1811]).
Proposition 2.3.
(1) For groups A, B let R(A, B) be the relation: B is A-cellular (or A-generated or A-constructible). Then R is
a transitive relation.
(2) Being A-cellular implies being A-generated, which implies being A-constructible.
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injective homomorphism g :U → V is an A-equivalence if and only if for every ϕ ∈ Hom(A, V ) we
have Aϕ ⊆ Ug .
Let f : X → Y be a homomorphism. The subset of Hom(A, X), consisting of homomorphisms
whose compositions with f is trivial, can be identiﬁed with Hom(A,ker f ). By deﬁnition, f is A-
trivial iff this subset coincides with Hom(A, X). The above remark implies that f is A-trivial iff the
inclusion ker f ⊂ X is an A-equivalence.
Let G be A-cellular. For any A-trivial f : X → Y , since ker f ⊂ X is an A-equivalence, it is also a
G-equivalence. The homomorphism f is therefore G-trivial. As f was an arbitrary A-equivalence, G is
then A-generated.
Let G be A-generated and X be A-null. Any homomorphism between A-null groups is A-trivial,
in particular idX : X → X is A-trivial. The homomorphism idX is therefore G-trivial. Consequently
Hom(G, X) has to consist of only the trivial homomorphism and X is G-null. As X was an arbitrary
A-null group, G is A-constructible. 
Examples 2.4.
(1) For a homomorphism to be a Z-equivalence/injection/surjection/trivial is the same as to be an
isomorphism/injection/surjection/trivial. All groups are Z-cellular and the only Z-null group is
the trivial group.
(2) The following are equivalent:
(a) Z is G-cellular;
(b) Z is G-generated;
(c) Z is G-constructible;
(d) the trivial group is the only G-null group;
(e) Z is a quotient of G;
(f) G is a semidirect product H  Z, for some subgroup H  G .
(3) A map c :G → M is a cellular cover (as deﬁned in [FGS]) if and only if it is a G-equivalence.
Proof. (1) is obvious. Implications (a) ⇒ (b) ⇒ (c) follows from Proposition 2.3(2). Suppose Z is G-
constructible. Let H be a G-null group. Then H is Z-null, so by (1), H = 1. This shows the implication
(c) ⇒ (d). If (d) holds, then there is a non-trivial homomorphism from G to Z whose image must be
then isomorphic to Z and hence (e) holds. Because Z is free, (e) ⇒ (f) is clear. Assume (f) and let
f : X → Y be a G-equivalence. For any element y ∈ Y consider the homomorphism y : Z → Y , n → yn .
Since f is a G-surjection, the composition of the projection p : G → Z with y, factors through f . Thus
y must lie in the image of f and so f is surjective. Its kernel must be trivial, otherwise there would
be a non-trivial homomorphism z : Z → ker f for which pzf would be trivial. This would however
contradict our assumption that f is a G-equivalence. 
We end this section with stating a basic common property of A-injections, A-surjections and A-
equivalences, which is immediate from the deﬁnitions:
Proposition 2.5. If f : X → Y is an A-injection (resp. A-surjection or A-equivalence), then so is its restriction
f : f −1(Z) → Z , for any subgroup Z < Y .
3. A-generation
In this section we discuss A-generated groups. All the statements are rather obvious consequences
of the deﬁnitions and are well known except perhaps Proposition 3.10. Our aim is to illustrate a setup
and an organizational principle that will guide us when we will discuss A-constructible and A-cellular
groups. We start always with giving key and characteristic properties of the groups discussed. In the
case of A-generated groups they are:
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(1) If {Gi}i∈I is a set of A-generated subgroups of a group G, such that G = 〈Gi | i ∈ I〉, then G is A-generated.
In particular the free product (= coproduct) of A-generated groups is A-generated.
(2) A quotient of an A-generated group is A-generated.
Proof. A homomorphism f : X → Y is A-trivial iff Aϕ  ker f , for any ϕ ∈ Hom(A, X). Assume that
f : X → Y is A-trivial. Then it is Gi-trivial, for all i ∈ I , so Giϕ  ker f , for any ϕ ∈ Hom(G, X) which
implies that Gϕ  ker f and hence f is G-trivial. Since f was arbitrary G is A-generated. Part (2) is
again a consequence of the same observation. 
We then present a construction which will be used to measure how far a group is from being in
the discussed collection (the collection of A-generated groups in this section). We set:
Deﬁnition 3.2. genA G := 〈ϕ(A) | ϕ ∈ Hom(A,G)〉.
This construction is supposed to satisfy certain universal property. For example, the following ex-
plains the key relation between A-generated groups and the construction genA :
Proposition 3.3.
(1) A group G is A-generated iff genA G = G.
(2) genA G is the unique minimal normal subgroup N of G subject to the constraint that G → G/N is A-
trivial.
(3) genA G contains any A-generated subgroup of G.
Proof. (1) Note that the quotient homomorphism G → G/genA G is A-trivial, since the image of
any homomorphism from A to G lies in genA G . Thus if G is A-generated, then, by deﬁnition,
G → G/genA G is also G-trivial, which can happen only when genA G = G . On the other hand if
genA G = G then by Proposition 3.1, G is A-generated.
(2) It was already noted that the quotient homomorphism G → G/genA G is A-trivial. Let N  G
such that the quotient homomorphism τ : G → G/N is A-trivial. Then, by deﬁnition, N = kerτ 
genA G , so (2) holds.
(3) This follows from (1). 
Examples 3.4.
(1) Let Q be the additive group of the rational numbers. Then any divisible abelian group D is Q-
generated. Indeed this holds since Q/Z ∼= ⊕p prime C(p∞), and since any divisible group is a
direct sum of copies of C(p∞), where p varies over all primes and copies of Q (see e.g. [Rob,
p. 94]).
(2) Let F be a ﬁeld whose characteristic is not 2. Then genC(2) SL2(F ) ∼= C(2) since the only involution
(= element of order 2) in SL2(F ) is the central involution. However genC(2) PSL2(F ) = PSL2(F ),
since PSL2(F ) is generated by its involutions.
(3) If m,n are positive integers, then genC(m) C(n) ∼= C(k) where k = gcd(m,n). This is because any
homomorphic image of C(m) contained in C(n) is contained in C(k).
(4) Let A be any group and let G = SLn(F ), n 2. We claim that if n 3, then G is A-generated iff it
is not A-null. The reason is that once there exists a non-trivial ϕ ∈ Hom(A,G), there also exists
ψ ∈ Hom(A,G) such that Aψ  Z(G). As G/Z(G) is simple (and G is perfect) it is then clear that
G is generated by {Aψη | η ∈ Inn(G)}, so G is A-generated.
A similar argument shows that if n = 2, then G is A-generated iff there exists ϕ ∈ Hom(A,G)
such that Aϕ is neither trivial nor a group of order 2.
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according to Proposition 3.3(3) (genA X) f ⊂ genA Y . We can therefore think about genA as a functor
in such a way that the inclusion genA G ⊂ G becomes a natural transformation from genA to the
identity functor. In particular genA f : genA X → genA Y denotes the restriction of f .
Note further that genA G ⊂ G is a cellular cover (see Example 2.4(3)). Indeed this follows from the
fact that, for any ϕ : genA G → G , we have (genA G)ϕ  genA G , because (genA G)ϕ is A-generated.
Corollary 3.6. The collection of A-generated groups is the smallest collection that contains A and is closed
under taking coproducts and quotients.
Proof. According to Proposition 3.1, the smallest collection C that contains A and is closed under tak-
ing coproducts and quotients consists of A-generated groups. On the other hand by Proposition 3.3(1),
if G is A-generated then G = genA G ∈ C . 
To understand A-equivalences, the functor genA provides the ﬁrst simpliﬁcation:
Proposition 3.7.
(1) The inclusion genA G ⊂ G is an A-equivalence.
(2) The following are equivalent.
(i) f : X → Y is an A-equivalence (resp. A-injection).
(ii) The restriction of f to genA X is an A-equivalence (resp. A-injection).
(iii) genA f : genA X → genA Y is an A-equivalence (resp. A-injection).
Proof. Since genA G ⊂ G is an inclusion it is an A-injection. As the image of any homomorphism
from A to G lies in genA G , genA G ⊂ G is also A-surjective. Statement (2) follows directly from (1)
by applying Hom(A,−) to the considered maps. 
According to Proposition 3.7, to study A-equivalences and A-injections we may restrict ourselves
to homomorphisms between A-generated groups. This will often be our standard assumption. For
example:
Proposition 3.8. A group G is A-cellular iff any A-equivalence between A-generated groups is also a G-
equivalence.
Proof. If G is A-cellular then any A-equivalence is a G-equivalence. Assume now that any A-
equivalence between A-generated groups is also a G-equivalence. Let f : X → Y be an arbitrary A-
equivalence. Then, by Proposition 3.7(2), the restriction genA f : genA X → genA Y is an A-equivalence,
so it is a G-equivalence. But since G is A-generated, genG(genA X) = genG X and similarly for Y . Thus
using Proposition 3.7(2) again we see that genG f : genG X → genG Y is a G-equivalence, and conse-
quently f is a G-equivalence. 
By deﬁnition, to verify that G is A-cellular we need to show that any A-equivalence is a G-
equivalence. If we test only on injective A-equivalences, then:
Proposition 3.9.
(1) A group G is A-generated iff any injective A-equivalence is also a G-equivalence.
(2) If f : X → Y is A-surjective, then the inclusion X f ⊂ Y is a G equivalence for any A-generated G; in
particular,
(3) If f : X → Y is A-surjective and X is A-generated, then the inclusion X f ⊂ Y is a cellular cover (see
Example 2.4(3)).
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generated. By (2) the inclusion G ⊂ X is a G-equivalence, so since G is G-cellular, this inclusion is (by
deﬁnition) a cellular cover.
Part (2) follows from (1) because if f is A-surjective, then X f = genA Y , so the inclusion X f ⊂ Y is
an A-equivalence by Proposition 3.7(1), and then by (2) it is also a G-equivalence if G is A-generated.
It remains to show (1). Assume that G is A-generated. Let f : X → Y be an injective group ho-
momorphism. It is easy to check that f is an A-equivalence iff genA Y  X f . Since G is A-generated,
genG Y  genA Y , so if f is an A-equivalence, then genG Y  genA X  X f , so f is a G-equivalence.
Assume now that any injective A-equivalence is also a G-equivalence. Since genA G ⊂ G is an A-
equivalence, it is then a G-equivalence and hence genA G = G , which means that G is A-generated. 
A-generated groups are preserved by quotients (Proposition 3.1(2)). Under certain ﬁniteness and
nilpotence assumptions, they are also preserved by stem extensions:
Proposition 3.10. Let A be nilpotent, and X be a ﬁnite group. Let f : X → Y be a surjective homomorphism.
Assume that ker f is A-null. Then
(1) f is A-surjective;
(2) if ker f is central in X, then f is an A-equivalence;
(3) if f is stem, then X is A-generated iff Y is.
Proof. (1) Set K := ker f . To show A-surjectivity consider a homomorphism ϕ : A → Y . Then the
induced homomorphism f : f −1(Aϕ) → Aϕ is an extension of Aϕ by K . As A is nilpotent and Y is
ﬁnite, the group Aϕ is ﬁnite and nilpotent. By assumption K is A-null, so it is also Aϕ-null. This
implies that gcd(|Aϕ|, |K |) = 1, and hence, by the Schur–Zassenhaus theorem [Rob, 9.1.2, p. 253], the
extension f : f −1(Aϕ) → Aϕ is split and we see that there is a homomorphism ψ : A → X for which
ψ f = ϕ . This means that f is A-surjective.
(2) By (1) we only need to show that f is A-injective and this follows from 5.1.1 (ahead).
(3) If X is A-generated, then so is its quotient Y . Assume now that Y is A-generated and f is stem.
Since, by statement (1), f is an A-surjection, we have (genA X) f = Y and consequently X = K genA X .
By Lemma 1.7, X = genA X . 
4. A-constructibility
The main objective of this section is to discuss the A-constructible core of a group G . This is a sub-
group which has been also called the A-radical of G (see for example [Bous1,BeCa,Ca,RoSce1,RoSce2]).
We are going to recall its construction from [Ca]. The A-constructible core plays an analogous role for
A-constructible groups as genA played for A-generated groups. It is used later (see Corollary 7.3.8) to
give a construction of the A-cellular cover of a group which is, in certain cases, more accessible to
computation.
We start with recalling some key properties of A-constructible groups. As before, for A-generated
groups, these properties are rather obvious consequences of the deﬁnitions and have been well
known.
Proposition 4.1. Let X be a group and N  X.
(1) If G is both N-null and X/N-null, then G is X-null.
(2) If both N and X/N are A-constructible, then X is A-constructible.
(3) If X is A-constructible, then X/N is A-constructible.
(4) If X = 〈Xi | i ∈ I〉 and Xi is A-constructible, for all i, then X is A-constructible. In particular the coproduct
(= free product) of A-constructible groups is A-constructible.
Proof. (1) Let ϕ ∈ Hom(X,G), then Nϕ = 1 and the induced homomorphism X/N → G is trivial, so
ϕ = 0.
644 W. Chachólski et al. / Journal of Algebra 321 (2009) 631–666(2) Assume that G is A-null. Then, by hypothesis G is both N-null and X/N-null so by (1), G is
X-null.
(3) If Hom(A,G) = 0, then also Hom(X,G) = 0 and hence Hom(X/N,G) = 0, so any A-null group
is also X/N-null.
(4) If Hom(A,G) = 0, then Hom(Xi,G) = 0, and then since X = 〈Xi | i ∈ I〉, Hom(X,G) = 0. 
4.2. The A-constructible core of a group
In this subsection we recall from [Ca] how to construct for each group G the largest normal sub-
group conA G which is A-constructible.
Deﬁnition 4.2.1. Let G be a group. We deﬁne an ascending sequence of normal subgroups Ai(G) of G ,
for any ordinal i, as follows. A0(G) = genA G . If β = α+1 is a successor let Aβ(G) be the preimage in
G of genA(G/Aα(G)). If β is a limit ordinal, let Aβ(G) :=
⋃
i<β Ai(G). We write conA G :=
⋃
β Aβ(G).
We call conA G the A-constructible core of G .
Proposition 3.3 explains a relation between A-generated groups and genA . An analogous relation
holds between A-constructible groups and conA :
Proposition 4.2.2.
(1) G is A-constructible if and only if G = conA G.
(2) conA G is the unique minimal normal subgroup N of G subject to the constraint that G/N is A-null.
(3) conA G contains any A-constructible subgroup of G.
Proof. (1) For an ordinal i, set Ni := Ai(G). First we claim that Nβ is A-constructible, for any ordi-
nal β . Suppose not and let β be minimal subject to the condition: Nβ is not A-constructible. Let X be
an A-null group. Suppose ﬁrst that β = α + 1 is a successor. Then X is Nα-null and since Nβ/Nα is
A-generated, Nβ/Nα is A-constructible, so X is also Nβ/Nα-null. By Proposition 4.1(1), X is Nβ -null.
Thus Nβ is A-constructible, a contradiction.
Assume next that β is a limit ordinal. Then, by Proposition 4.1(4), Nβ is A-constructible, a contra-
diction.
To prove one direction of part (1) assume that G = conA G . Since Nβ is A-constructible for any
ordinal β , Proposition 4.1(4) implies that G is A-constructible.
For the other direction assume G is A-constructible. We ﬁrst need Lemma 4.2.3 below. To state the
lemma recall that we say that the coﬁnality of an ordinal β is bigger than |A| if β cannot be written
as a union of a sequence of smaller ordinals with |A| or less elements in that sequence. Namely, a
union of any sequence of ordinals—smaller than β—with |A| or less members is an ordinal smaller
than β. The existence of ordinals with any coﬁnality is a well known consequence of the axiom of
choice.
Lemma 4.2.3. Let β be a limit ordinal whose coﬁnality is larger than |A| and let G be a group. Let {Mi | i < β}
be normal subgroups of G such that for i < j we have Mi  M j. Set M :=⋃i<β Mi and let η ∈ Hom(A,G/M).
Then there exists α := αη < β and μ := μη ∈ Hom(A,G/Mα) such that η = μτ where τ :G/Mα → G/M
comes from the inclusion Mα  M.
Proof. Let μ0(a) ∈ G be a coset representatives of η(a), a ∈ A. Then we may deﬁne a function f : A ×
A → M as follows: for any (a,b) ∈ A × A, f (a,b) is the unique element of M such that μ0(ab) =
μ0(a)μ0(b) f (a,b). Since the coﬁnality of β is greater than |A|, there exists an ordinal α < β such that
f (a,b) ∈ Mα , for all (a,b) ∈ A× A. Thus the map μ :a → μ0(a)Mα is the required homomorphism. 
Let now β be a limit ordinal whose coﬁnality is larger than |A|. We claim that conA G = Nβ .
By deﬁnition, this will follow from the assertion that G/Nβ is A-null. To prove this assertion, let
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τ :G/Nα → G/Nβ comes from the inclusion Nα  Nβ . By deﬁnition, μ(A) Nα+1/Nα  Nβ/Nα . Thus
ϕ = μτ = 0.
We now see that G/ conA G is A-null, so since G is A-constructible it must be G-null. But this can
happen if and only if G/ conA G = 1, hence G = conA G as asserted.
(2) Notice ﬁrst that we already observed that G/ conA G is A-null. Assume now that K  G such
that G/K is A-null. Assume toward contradiction that Nβ = conA G  K and let α < β be minimal
with Nα  K . Then α = γ + 1 is a successor and Nγ  K . But then Nα/(Nα ∩ K ) is an A-generated
non-trivial group which is isomorphic to a subgroup of G/K . This is impossible since G/K is A-null.
Thus Nβ  K .
(3) Assume that H is an A-constructible subgroup of G , and for an ordinal i let Hi := Ai(H).
Assume that H  conA G and let β be minimal subject to Hβ  conA G . Then β is a successor: β = α+
1 and by construction, Hβ/Hα is A-generated. Thus Hβ conA G/ conA G is a non-trivial A-generated
subgroup of G/ conA G contradicting the A-nullity of G/ conA G . 
Examples 4.2.4.
(1) Let p be a prime and let P be a p-group (possibly inﬁnite). Then conC(p) P = P , this follows from
Proposition 4.2.2(3) because for each element x ∈ P the subgroup 〈x〉 is a cyclic p-group so it is
C(p)-constructible. Note that genC(p) P is the subgroup of P generated by its elements of order p,
and it may well happen that genC(p) P = P (for example if P is cyclic of order > p).
(2) conC(2)(SL2(F )) = SL2(F ), for all ﬁelds F , because PSL2(F ) is generated by its involutions, compare
with Example 3.4(2).
(3) Let H be a ﬁnite nilpotent group. For a set of primes π let Hπ be the subgroup of H generated
by all Sylow-p subgroups of H , for all p ∈ π . Given a group A, let
π := {p ∣∣ p is a prime such that C(p) is a quotient of A}.
It is easy to check that conA H = Hπ .
Remark 4.2.5. Note that for any homomorphism f : X → Y , the image (conA X) f is A-constructible
and hence, by Proposition 4.2.2(3), (conA X) f ⊂ conA Y . We can therefore think about conA as a
functor in such a way that the inclusion conA G ⊂ G becomes a natural transformation between conA
and the identity.
Note further that the inclusion conA G ⊂ G is a cellular cover. Indeed this follows from the fact
that, for any ϕ : conA G → G , we have (conA G)ϕ  conA G .
Corollary 4.2.6. The collection of A-constructible groups is the smallest collection that contains A and is
closed under coproducts, quotients, and extensions.
Proof. According to Proposition 4.1, the smallest collection C that contains A and is closed under
taking coproducts, quotients, and extensions consists of A-constructible groups. On the other hand by
Proposition 4.2.2(1), any A-constructible group G is isomorphic to conA G , which by construction is a
member of C . 
4.3. Constructible groups and cyclic groups
In general a subgroup of an A-constructible group does not need to be A-constructible. Indeed,
C(p) is not C(p∞)-constructible, because C(p) is C(p∞)-null. The following lemma gives examples
of certain subgroups that do inherit the A-constructibility property. This kind of “good” behavior is
associated with ﬁnite cyclic groups.
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(1) A group X is C(pn)-null if and only if it is C(pm)-null.
(2) A group is C(pn)-constructible if and only if it is C(pm)-constructible in particular C(pm) is C(pn)-
constructible. More generally:
(3) If G is ﬁnite nilpotent and H =⊕p prime dividing |G| C(p), then a group is G-constructible if and only if
it is H-constructible, and hence any subgroup of G is G-constructible.
Proof. (1) Assume that G is C(pn)-null. Then, since C(p) is a homomorphic image of C(pn), G is
C(p)-null, and building from the bottom up using induction on m and Proposition 4.1(1), we see that
G is C(pm)-null. Interchanging m and n we get (1).
(2) Let X be C(pn)-constructible and let G be C(pm)-null. Then, by (1), G is C(pn)-null, so G is
X-null. Thus X is C(pm)-constructible. By symmetry the ﬁrst part of (2) holds. Since C(pm) is C(pm)-
constructible it is C(pn)-constructible, which completes the proof of (2).
(3) Since H is a quotient of G , H is G-constructible. Also, being a quotient of H , C(p) is H-
constructible, for all p dividing |G|. But G has a normal series all of whose quotients are isomorphic
to C(p) for some such p. So by Proposition 4.1(2) G is H-constructible.
Let G1 be a subgroup of G , and let H1 :=⊕p divides |G1| C(p). Then H1 is a quotient of G so it is
G-constructible, and by the ﬁrst part of (3) G1 is H1-constructible, so G1 is G-constructible. 
4.4. A-constructibility, commutators and nilpotency
The aim of this subsection is to show that “large” subgroups of nilpotent A-constructible groups
inherit A-constructibility. We start with discussing relevant properties of groups related to the lower
central series. As usual for a group G , we let Γ1(G) = G and for i  1, Γi+1(G) = [Γi(G),G]. Thus
Γi(G) is the ith term of the lower central series of G .
Lemma 4.4.1. Let A be a group and let Γi = Γi(A) be the ith term in the lower central series. Then for all
i  1:
(1) A/[A, A] is A/Γi -constructible;
(2) Γi/Γi+1 is A/[A, A]-constructible;
(3) A/Γi is A/[A, A]-constructible;
(4) A group is A/[A, A]-constructible iff it is A/Γi -constructible.
Proof. A/[A, A] is A/Γi-constructible as it is its quotient so (1) holds. For (2), recall that the map of
sets:
(
A/[A, A])i  (x1[A, A], . . . , xi[A, A]) → [x1, . . . , xi]Γi+1(A) ∈ Γi/Γi+1
is a homomorphism in each variable and its image generates Γi/Γi+1. It follows that Γi/Γi+1 is
generated by homomorphic images of A/[A, A]. But homomorphic images of A/[A, A] are A/[A, A]-
constructible, so part (2) follows from Proposition 4.1(4). Part (3) is a consequence of (2) and Propo-
sition 4.1(2). Part (4) is a consequence of (1) and (3). 
As an application we show that when A is nilpotent, then checking A-constructibility reduces to
checking A/[A, A]-constructibility.
Corollary 4.4.2. Let A be nilpotent. Then Γi(A) is A-constructible, for all i  0. Moreover, a group is A-
constructible iff it is A/[A, A]-constructible.
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of the lower central series upwards using Lemma 4.4.1(2) we see that Γi(A) is A/[A, A]-constructible,
and hence A-constructible. 
Proposition 4.4.3. Let X be an A-constructible nilpotent group and K a normal subgroup of X. If X/K is
ﬁnitely generated, then K is A-constructible.
Proof. It is enough to show that K is X-constructible. If X/K is inﬁnite, then for some i,
Γi(X/K )/Γi+1(X/K ) is inﬁnite, and, as it is also ﬁnitely generated, Z is its quotient. It follows that
Z is Γi(X/K )/Γi+1(X/K )-constructible. By Corollary 4.4.2, the quotient Γi(X/K )/Γi+1(X/K ) is X/K -
constructible and of course X/K is X-constructible. Since constructibility is a transitive relation, we
can conclude that Z is X-constructible and thus all groups, including K , are X-constructible (see
Example 2.4(2)).
Let X/K be ﬁnite. We prove by induction on |X/K | that K is X-constructible. If |X/K | is not prime,
we can ﬁnd a proper normal subgroup H of X that properly contains K . By the inductive assumption
H is X-constructible and K is H-constructible, consequently K is X-constructible.
Assume now that |X/K | = p is a prime. Then [X, X]  K and by Corollary 4.4.2, [X, X] is X-
constructible. Thus if we show that K/[X, X] is X-constructible, then we are done. Since X/[X, X]
is X-constructible, it suﬃces to show that K/[X, X] is X/[X, X]-constructible and so working with
X/[X, X] in place of X we may assume that X is abelian. Then pX  K is a homomorphic image
of X , so it is X-constructible and K/pX is a Zp-vector space so it is Zp ∼= X/K -constructible and
hence it is also X-constructible. Thus K is X-constructible. 
Example 4.4.4. Let D2n denote the dihedral group of order 2n. It is a semidirect product C(n)  C(2)
where C(2) acts on C(n) by taking inverses. Then D2n/[D2n, D2n] is either C(2), if n is odd, or
C(2) × C(2) if n is even. It follows that conD2n C(n) = C(2l) where l is the maximal number subject to
the condition that 2l divides n. Consequently, unless n is a power of 2, C(n) is not D2n-constructible.
This happens iff D2n is not nilpotent. Thus the assumption about the nilpotency of X in Proposi-
tion 4.4.3 is essential.
5. A-injections
Before we start describing key properties of A-cellular groups, we ﬁrst need to discuss relevant
properties of A-injections and A-equivalences. There is an important difference between these two
types of homomorphisms. To illustrate this difference consider a prime p and the multiplication by p
homomorphism p : C(p∞) → C(p∞). This homomorphism is C(p∞)-injective, as its kernel is C(p∞)-
null. However it is not a C(p∞)-equivalence, as the identity id : C(p∞) → C(p∞) does not factor
through p. In general, if Ab(A) has some p-torsion, then A-equivalences between nilpotent groups
cannot have any p-torsion in their kernels (see Proposition 6.5.1). We see that being the kernel of an
A-equivalence is a much more restrictive condition than being the kernel of an A-injection. In this
section we discuss properties of A-injections and in the next Section 6, properties of A-equivalences.
Throughout the section A is a ﬁxed group, and
f : X → Y
is a group homomorphism. We say that ψ ∈ Hom(A, X) is a lift of ϕ ∈ Hom(A, Y ) (via f ) if ψ f = ϕ .
5.1. Generalities about A-injections
We ﬁrst characterize A-injections using commutators:
Proposition 5.1.1. f is A-injective iff [genA X,ker f ] = 1 and ker f is A-null.
648 W. Chachólski et al. / Journal of Algebra 321 (2009) 631–666Proof. Assume that [genA X,ker f ] = 1 and that ker f is A-null. Let ψi ∈ Hom(A, X), i = 1,2,
such that ψ1 f = ψ2 f . We claim that the map ψ : A → X deﬁned by ψ(a) = ψ1(a)ψ2(a−1) is in
Hom(A,ker f ). Then it will follow that ψ1 = ψ2, so this will show that Hom(A, f ) is injective. Notice
now that ψ(a) ∈ ker f , for all a ∈ A, so by hypothesis, ψ(a) commutes with ψi(b) for all b ∈ A and









This shows that ψ is a homomorphism and proves one implication.
Assume now that f is A-injective. It is clear that ker f must be A-null, otherwise there would be
a non-trivial homomorphism from A into ker f and hence into X which composed with f would be
trivial.
For any homomorphism ψ : A → X and any element k ∈ ker f , the homomorphism ψσk : A → X
composed with f is the same as ψ composed with f , where σk is the inner automorphism of X
induced by k. The A-injectivity assumption of f implies then that ψσk = ψ . This means that elements
of the kernel of f commute with elements of genA X , i.e., [genA X,ker f ] = 1. 
One interesting property of A-injections is their relation to the commutators and centers of the
groups involved, as illustrated by the following basic facts:
Proposition 5.1.2. Assume that f is an A-injection. Then:
(1) [genA X, f −1(CY (genA Y ))] = 1, and
(2) if X is A-generated, then f −1(Z(X f )) = Z(X) and, in particular, ker f  Z(X),
(3) for every subgroup Y1  Y if we let X1 := f −1(Y1), then f1 : X1 → Y1 and f2 : genA X1 → Y1 are also
A-injections, where f1 := f  X1 and f2 := f  genA X1 ,
(4) if B is A-generated, then f is a B-injection. In particular for any N  A, f is an A/N-injection.
Proof. (1) Let Z := f −1(CY (genA Y )), z ∈ Z and U = ψ(A), where ψ ∈ Hom(A, X). Then ψ f = ψσz f ,
and since Hom(A, f ) is injective, ψ = ψσz , here σz is the inner automorphism induced by z. Thus,
[U , z] = 1 and since this holds for all z ∈ Z and ψ ∈ Hom(A, X), (1) holds.
(2) follows from (1).
(3) is immediate from the deﬁnitions.
(4) Suppose that B is A-generated, then genB X  genA X , so, by Proposition 5.1.1,
[genB X,ker f ] = 1. Also, since ker f is A-null, it is B-null so by Proposition 5.1.1 again, f is a B-
injection. 
Example 5.1.3. Let f : SLn(C) → PSLn(C) be the natural projection, n 2. Let A be any group. Then f
is an A-injection iff C(n) is A-null. This follows from the fact that ker f is central and from Proposi-
tion 5.1.1.
5.2. A-injections, commutators and nilpotency
Proposition 5.2.1. If f is an A-injection and Y is nilpotent, then genA X is also nilpotent and its nilpotence
class is the same as that of (genA X) f .
Proof. The composition of the inclusion genA X ⊂ X and f is also an A-injection. According
to Proposition 5.1.2(2), f induces then an isomorphism of the quotients genA X/Z(genA X) ∼=
(genA X) f /Z((genA X) f ), which proves the proposition. 
It is clear that an injection is an A-injection for any A. When the domain is nilpotent and the
image is ﬁnitely generated, we can say more:
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(1) If X is nilpotent and X f is ﬁnitely generated, then f is an A-injection iff ker f ∩ conA X = 1. In particular,
(2) if X is nilpotent and A-constructible, and either Y or X is ﬁnitely generated, then f is an A-injection iff it
is an injection.
Proof. If ker f ∩ conA X = 1, then also ker f ∩ genA X = 1. This means that f restricted to genA X is a
monomorphism and therefore f is an A-injection.
Assume that f is an A-injection. Since X f is nilpotent and ﬁnitely generated then so is (conA X) f .
Proposition 4.4.3 then implies that the kernel of f restricted to conA X , which coincide with ker f ∩
conA X , is A-constructible. Since this kernel is also A-null ( f is an A-injection), it has to be trivial. 
Let f be an A-injection and X be A-generated. If the image X f is nilpotent but not ﬁnitely gener-
ated, then f can fail to be a monomorphism. For example as it was already mentioned, if p is a prime,
then the multiplication by p homomorphism p : C(p∞) → C(p∞) is a C(p∞)-injection whose kernel
is non-trivial. However the kernel of an A-injection out of a nilpotent group cannot be arbitrary.
Proposition 5.2.3. Suppose that f is an A-injection, X is A-generated and X f is nilpotent. Then ker f is
reduced.
Proof. The proposition is clear if X = 1. Assume that X is non-trivial. Since X f is nilpotent and X is
A-generated, then according to Proposition 5.2.1, X is also nilpotent. According to Proposition 5.1.2(4),
f is also an X-injection. It follows that ker f is Ab(X)-null (see Proposition 5.1.1).
Suppose that ker f contains p-torsion, for some prime p. By [FGS, Proposition A.2(4), p. 74], X con-
tains a normal subgroup N such that X/N ∼= C(pk), where k is a positive integer or k = ∞. Now if
k < ∞, then this contradicts the fact that ker f is Ab(X)-null, so k = ∞. But then ker f does not con-
tain a subgroup isomorphic to C(p∞), else ker f would not be Ab(X)-null. Hence we conclude that
ker f does not contain a copy of C(p∞), for all primes p.
To prove the proposition we need to show that ker f does not contain any copy of Q either (see
[Rob, 4.1.5, p. 97]). Assume on the contrary that Q is a subgroup of ker f . Then, since ker f is Ab(X)-
null any homomorphism from Ab(X) to Q has to be trivial, which means that Ab(X) is torsion. As X
is nilpotent, X is also torsion, which contradicts the fact that Q ⊂ ker f ⊂ X . 
5.3. A-injections and ﬁnite groups
The aim of this subsection is to prove the following proposition. As usual, for a ﬁnite group G , we
denote by π(G) the set of prime divisors of the order of G .
Proposition 5.3.1. Assume that f is an A-injection, X is A-generated, and Y is ﬁnite. Then X is also ﬁnite,
ker f ⊂ Γi(X), for all i, and π(X) ⊂ π(Y ).
To prove this proposition we use:
Lemma 5.3.2. Assume that G is an abelian group which is A-null and let N ⊂ G be a subgroup of ﬁnite
exponent.
(1) Then G/N is A-null.
(2) If G/N is A-constructible, then N = G.
Proof. Since only the trivial group can be A-constructible and A-null, statement (2) follows from (1).
It remains to prove (1). Let n be the exponent of N . The multiplication by n homomorphism n : G → G
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As G is A-null, the composition of the inclusion genA(G/N) ⊂ G/N and α is trivial. It follows
that n annihilates genA(G/N). On the other hand as G is genA(G/N)-null, the subgroup N is
also genA(G/N)-null and consequently genA(G/N) has to be n-divisible. This can happen only if
genA(G/N) = 1, i.e., when G/N is A-null. 
Proof of Proposition 5.3.1. Let K = ker f . The subgroup K/(K ∩ Γi(X))  X/Γi(X) is of ﬁnite in-
dex. Since these groups are nilpotent, we can use Proposition 4.4.3 to see that K/(K ∩ Γi(X)) is
A-constructible. The kernel K is a subgroup of the center Z(X) (see Proposition 5.1.2(2)), the quo-
tient X/Z(X) is then ﬁnite and according to [Rob, 10.1.4, p. 287], [X, X] is also ﬁnite. Recall however
that K is A-null (see Proposition 5.1.1). Since K ∩ Γi(X) is ﬁnite, Lemma 5.3.2(2) then implies that
K = Γi(X) ∩ K , i.e., K ⊂ Γi(X). In particular K is ﬁnite and so is X .
It remains to show that π(X) ⊂ π(Y ). Assume that there exists a prime p ∈ π(X) \ π(Y ). Then
p ∈ π(K ) \ π(X/K ). Let P be a Sylow p-subgroup of K . By Schur–Zassenhaus theorem X splits over
P so P is A-generated and then P and hence K are not A-null. This contradicts Proposition 5.1.1. 
Corollary 5.3.3. Assume that f is a surjective A-injection, X is A-generated and Y is ﬁnite and perfect. Then
X is ﬁnite and perfect.
Proof. Since Y is perfect, [X, X] f = [Y , Y ] = Y , so X = [X, X]ker f , and by Proposition 5.3.1, X =
[X, X] is perfect. 
Corollary 5.3.3 does not hold in general if Y is inﬁnite, see [S].
5.4. A-injections and the Schur multiplier
In this subsection we show that often a surjective A-injection is a stem extension. We use the
notation from Section 1.
Proposition 5.4.1. Assume that f is a surjective A-injection, X is A-generated, and either A is perfect or Y is
ﬁnite. Then f is a stem extension, i.e. its differential b : H2(Y ) → K is an epimorphism. Moreover, the universal
coeﬃcient homomorphism μ : H2(Y , K ) → Hom(H2(Y ), K ) is an isomorphism.
Proof. According to Proposition 5.1.2(2), K is central in X . Thus to prove that f is stem, we need to
show that K ⊆ [X, X] (see Proposition 1.6). If A is perfect, then so are all A-generated groups, so the
inclusion is clear. If Y is ﬁnite, then the inclusion follows from Proposition 5.3.1.
If A is perfect, then by the exactness of the sequence in Eq. (1.4), μ is an isomorphism, as Y is also
perfect. If Y is ﬁnite, then, so is K (see Proposition 5.3.1). Since K is Y -null, we can use Proposition 1.4
to conclude that μ is an isomorphism also in this case. 
Let f be a stem extension. Then f is an isomorphism iff its kernel K is trivial. According to
Proposition 1.6, this happens iff the homomorphism b : H2(Y ) → K is trivial. For example:
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f is an isomorphism.
Proof. According to Proposition 1.6, the kernel K of f is a quotient of H2(Y ). However since f is
assumed to be an A-injection, K is A-null. Thus the assumption that H2(Y ) is A-constructible forces
K to be trivial, so f is an isomorphism. 
By combining Propositions 5.4.1 and 5.4.2 we get:
Corollary 5.4.3. Assume that f is a surjective map which is an A-injection, X is A-generated and either A is
perfect or Y is ﬁnite. If H2(Y ) is A-constructible, then f is an isomorphism.
It should be noted that if A is perfect and H2(Y ) is A-constructible then H2(Y ) is trivial. Indeed,
an abelian group is A-null, for any perfect group A, so H2(Y ) is A-null. Since H2(Y ) is also A-
constructible it is trivial.
Corollary 5.4.4. Assume that H2(Y ) is A-constructible and either Y is ﬁnite or A is perfect. If f is an A-
injection, such that (genA X) f = Y , then X is isomorphic to the product Y × ker f .
Proof. By Proposition 5.4.2, the restriction g : genA X → Y of f to genA X is an isomorphism. By
Proposition 5.1.1, [genA X,ker f ]=1. By hypothesis X = (genA X)(ker f ). Hence the map Y × ker f → X
given by (y,k) → g−1(y)k, is an isomorphism. 
5.5. Factorizations and A-injections
In this subsection we discuss a way of expressing f as a composition gh : X → V → Y with an A-
injective h. We would like to ﬁnd such a factorization which is universal: we say that a factorization
f = gh with an A-injective h is universal if, for any other factorization f = g′h′ : X → V ′ → Y with
an A-injective h′ , there is a unique homomorphism α : V → V ′ such that gα = g′ and αh′ = h. For
example, f is obviously the composition of f : X  Im f and the inclusion Im f ⊂ Y which is an
A-injection. This factorization however is often not universal. Let p be a prime, p : C(p∞) → C(p∞)
be the multiplication by p, and A = C(p∞). Then the factorization p idC(p∞) of p is not universal. The
universal factorization of p is given by idC(p∞) p.
We now construct a relevant factorization in two steps. Deﬁne ﬁrst X1 := X/[ker f , X]. Let
g1 : X → X1 be the quotient homomorphism and h1 : X1 → Y be induced by f . Note that kerh1
is central in X1. In fact the factorization f = g1h1 is universal subject to the constraint that the
kernel of h1 is central in the domain of h1. The subgroup conA(kerh1) is then normal (in fact cen-
tral) in X1 and we can deﬁne X2 := X1/ conA(kerh1). Let g : X → X2 be h1 followed by the quotient
homomorphism X1 → X2 and h : X2 → Y be induced by h1.
Proposition 5.5.1.
(1) h is an A-injection;
(2) if f is an A-surjection, then h is an A-equivalence;
(3) if X is A-generated, then the factorization f = gh is universal.
Proof. (1) Since the kernel of h1 is central in X1, the kernel of h is also central in X2. This kernel is
isomorphic to (kerh1)/(conA kerh1) and hence, according to Proposition 4.2.2(2), it is A-null. We can
now use Proposition 5.1.1 to conclude that h is an A-injection.
(2) If f is an A-surjection, then for any factorization f = ϕβ , the homomorphism β is also an
A-surjection and (2) follows then from (1).
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its image Xg′ lies in genA X ′ . Since (ker f )g′ ⊂ kerh′ , then according to Proposition 5.1.1, the com-
mutator [ker f , X] is in the kernel of g′ . Let α1 : X1 → X ′ be induced by g′ . As kerh′ is A-null (h′ is
assumed to be an A-injection), the subgroup conA(kerh1) must be in the kernel of α1. Let α : X2 → X ′
be induced by α1. One can then verify that α is the unique homomorphism for which gα = g′ and
αh′ = h. 
6. A-equivalences
In this section we discuss A-equivalences. As in Section 5 throughout this section A is a ﬁxed
group and f : X → Y is a group homomorphism.
6.1. Generalities about A-equivalences
According to Proposition 5.1.1, A-equivalences can be characterized as follows:
Corollary 6.1.1. f is an A-equivalence iff it is an A-surjection, ker f is A-null, and [genA X,ker f ] = 1.
If f is an A-equivalence, then f can fail to be an A/N-equivalence for a general subgroup N  A.
For example, for a prime p, the multiplication by p homomorphism p : C(p∞) → C(p∞) is a Q-
equivalence but it is not C(p∞)-equivalence, as it is not C(p∞)-surjective. To insure that f is A/N-
equivalence we need some additional assumptions on N . For example:
Proposition 6.1.2. Assume that f is an A-equivalence and let N  A. Then each of the following hypotheses
imply that f is an A/N-equivalence:
(1) ker f is N-null.
(2) N is A-constructible.
(3) A splits over N.
Proof. Since f is A-injective, it is also A/N-injective. Thus to show that f is an A/N-equivalence
it remains to show that f is A/N-surjective. Let p : A → A/N the canonical projection, and let ϕ ∈
Hom(A/N, Y ). Let ψ : A → X be the lift of pϕ . Then Nψ  ker f . Thus in the case ker f is N-null, as
in (1), Nψ = 1, so we can think of ψ as a member of Hom(A/N, X) that lifts ϕ and we see that f is
A/N-surjective.
If N is A-constructible, then since ker f is A-null it is also N-null, and condition (2) implies (1).
Assume the hypothesis of (3). Then the projection p admits a section, i.e., a homomorphism
s : A/N → A, for which sp = idA/N . Then for a¯ ∈ A/N we have a¯s(ψ f ) = a¯s(pϕ) = a¯ϕ , so the compo-
sition sψ is a lift of ϕ . The homomorphism f is therefore an A/N-surjection. 
6.2. A-equivalences and colimits
This subsection deals with the connection between A-equivalences and colimits (= direct limits).
Deﬁnition 6.2.1 (Colimits). Let I be a small category and F : I → Groups be a functor. The group
colimI F denotes the colimit of F . Recall that colimI F is isomorphic to the quotient of the free prod-
uct
∐
i∈I F (i) by the normal subgroup generated by the relation F (i)  x ∼ F (α)(x) ∈ F ( j), for any
morphism α : i → j in I and any x ∈ F (i).
Recall that G ∼= colimI F if and only if there are maps f i : F (i) → G such that F (α) f j = f i , for all
i, j ∈ I and α ∈ mor(i, j), and the following universal property holds. If X is a group such that there
are morphisms gi : F (i) → X with F (α)g j = gi , for all i, j ∈ I and α ∈mor(i, j), then there is a unique
homomorphism ρ :G → X such that gi = f iρ .
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where the (inverse) limit on the right is taken in the category of groups. This is true since an inverse
limit of a collection of bijections of sets is again a bijection. Here is a more detailed proof.
Set G = colimI F and assume f is an F (i)-equivalence for all i. Pick ϕ :G → Y . Then gi := f iϕ ∈
Hom(F (i), Y ), so since f is an F (i)-equivalence there exists a lift hi ∈ Hom(F (i), X) such that
hi f = gi .
Now for α ∈ mor(i, j),
F (α)h j f = F (α)g j = F (α) f jϕ = f iϕ = gi = hi f .
Since f is an F (i)-equivalence, F (α)h j = hi . Thus, by the universal property of G there exists
ψ :G → X such that
hi = f iψ.
We have
f iψ f = hi f = gi = f iϕ,
so by the uniqueness in the deﬁnition of colimits ψ f = ϕ . The uniqueness of ψ follows since if
ψ1 ∈ Hom(G, X) satisﬁes ψ1 f = ϕ , then f iψ1 f = f iϕ = gi , so by the uniqueness of the lift of gi we
have f iψ1 = hi , and by the uniqueness in the universal property of G we have ψ = ψ1. 
Example 6.2.3. Let G be a group and let I be a totally ordered set. Assume that {Ni | i ∈ I} are normal
subgroups of G such that Ni  N j for i  j and such that f is a G/Ni-equivalence, for all i. Then f
is a G/N equivalence, where N :=⋃i∈I Ni . This follows from the fact that G/N is the colimit of G/Ni
and by Lemma 6.2.2.
6.3. A-equivalences and limits
This subsection deals with the connection between A-equivalences and limits (= inverse limits).
Deﬁnition 6.3.1 (Limits). Let I be a small category and F : I → Groups be a functor. The group limI F
(the inverse limit) denotes the limit of F . Recall that this is a subgroup of the product
∏







∣∣∣ F (α)(ai) = a j, for any α : i → j in I
}
.
Recall that G ∼= limI F if and only if there are maps f i :G → F (i) (the projection maps) such that
f i F (α) = f j , for all i, j ∈ I and α ∈ mor(i, j), and such that the following universal property holds.
If X is a group such that there are morphism ξi : X → F (i) with ξi F (α) = ξ j , for all i, j ∈ I and
α ∈ mor(i, j) (let us call a set {ξi}i∈I of maps with this property a set of compatible maps with
respect to F ), then there is a unique homomorphism ρ : X → G such that ξi = ρ f i , for all i ∈ I .
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natural transformation such that for any i ∈ I the map ei : G˜(i) → H˜(i) is an A-equivalence. Then the map
e¯ : limI G˜ → limI H˜ induced by e is an A-equivalence.















for any functor F : I → Groups, where again, on the right we take inverse limit in the category of sets.
Here is a more detailed proof.
By deﬁnition we are assuming that for each i ∈ I there is a homomorphism ei : G˜(i) → H˜(i) such
that
G˜(α)e j = ei H˜(α), for all i, j ∈ I and α ∈mor(i, j)
and that each ei is an A-equivalence. Let us ﬁx the notations: set (G, {gi}) and (H, {hi}) the inverse
limits together with their projection maps of the two functors G˜ and H˜ respectively. Observe that if
X is a group and φ,ψ ∈ Hom(X,G) are such that φgi = ψ gi for any i ∈ I , then the universal property
of inverse limits allows us to conclude that φ = ψ .
The map e¯ : G → H is uniquely deﬁned because of the universal property of the inverse limit
H as {giei}i∈I is a set of compatible maps for H˜ . Indeed, for any i, j ∈ I and α ∈ mor(i, j) we get
g je j = gi G˜(α)e j = giei H˜(α), so there exists a unique map e¯ : G → H such that
e¯hi = giei, for any i ∈ I.
Let us show that e¯ is an A-equivalence. Let φ ∈ Hom(A, H). Since for any i ∈ I the map ei is an A-
equivalence, there exists a unique map φ˜hi : A → G˜(i) such that φhi = φ˜hiei . Notice that {φ˜hi}i∈I is a
set of compatible maps for G˜: for any i, j ∈ I and α ∈ mor(i, j) we get that φ˜hi G˜(α)e j = φ˜hiei H˜(α) =
φhi H˜(α) = φh j , hence φ˜hi G˜(α) = φ˜h j . Thus there exists a unique map φ˜ : A → G such that for any
i ∈ I we get φ˜gi = φ˜hi .
Observe that for any i ∈ I we get φ˜e¯hi = φ˜giei = φ˜hiei = φhi , so φ˜e¯ = φ. The uniqueness of φ˜ as
a lift of φ comes from the universal property of the inverse limit of G˜ . Indeed, if ψ ∈ Hom(A,G) is
such that ψ e¯ = φ, then for any i ∈ I we get that φhi = ψ e¯hi = ψ giei; since ei is an A-equivalence we
get ψ gi = φ˜hi = φ˜gi , so ψ = φ˜. 
6.4. A-equivalences, commutators and nilpotency
We start this subsection with the relevant notation.
Notation 6.4.1. Let G be a group, we denote:
(1) ker(A,G) :=⋂ϕ∈Hom(A,G) kerϕ .
(2) Z(A,G) :=⋂ϕ∈Hom(A,G) ϕ−1(Z(Aϕ)).
Lemma 6.4.2. Let N be a normal subgroup of A contained in ker(A, X) ∩ ker(A, Y ). Then f is an A-
equivalence if and only if f is an A/N-equivalence.
Proof. This follows from the deﬁnitions. 
W. Chachólski et al. / Journal of Algebra 321 (2009) 631–666 655As a corollary we get:
Corollary 6.4.3.
(1) If Y is nilpotent of class  n, then f is an A-equivalence if and only if f is an (A/Γn+1(A))-equivalence.
(2) If X and Y are solvable of derived length  n, then f is an A-equivalence if and only if f is an (A/A(n))-
equivalence.
Proof. By Proposition 3.7(2) f is an A-equivalence iff the restriction of f , f : genA X → genA Y is an
A-equivalence. Assume Y is nilpotent of class  n, then, by Proposition 5.2.1, genA X is nilpotent of
class  n. Hence we may assume that X is nilpotent of class  n. But then Γn+1(A)  ker(A, X) ∩
ker(A, Y ), so the corollary follows from Lemma 6.4.2. A similar argument applies in the case where
X and Y have derived length  n. 
The following lemma gives some less trivial information.
Lemma 6.4.4. Assume that f is an A-equivalence. Then
(1) let ϕ ∈ Hom(A, Y ) and let ψ ∈ Hom(A, X) be its unique lift. Then [ϕ−1(Z(Aϕ)), A] kerψ ;
(2) if N is a normal subgroup of A, then f is an A/[A,N]-equivalence;
(3) [A, Z(A, Y )] ker(A, X) ker(A, Y );
(4) let N be a normal subgroup of A contained in ker(A, X). Then f is an A/N-equivalence; in particular
(5) let N be a normal subgroup of A contained in [A, Z(A, Y )]. Then f is an A/N-equivalence.
Proof. (1) By Proposition 2.5(1), the restriction of f , f1 : f −1(Aϕ) → Aϕ is an A-equivalence.
Thus if we set Y1 := Aϕ and X1 := f −1(Y1), then Proposition 5.1.2(1) applied to f1 says that






ψ = [Aψ,ϕ−1(Z(Y1))ψ]= 1.
(2) Let ϕ ∈ Hom(A, Y ) with [A,N]  kerϕ , and let ψ be its unique lift. Then Nϕ  Z(Aϕ), so
by (1), [A,N]  kerψ . Thus any ϕ ∈ Hom(A/[A,N], Y ) lifts, so f is A/[A,N]-surjective. Since f is
A-injective, it is A/[A,N]-injective as well.
(3) Let ϕ ∈ Hom(A, Y ), and let ψ be its unique lift. Then ker(A, X)ϕ = ker(A, X)ψ f = 1. Further-
more, by (1), K := ϕ−1(Z(Aϕ)) satisﬁes [K , A] kerψ . Since this holds for all ϕ ∈ Hom(A, Y ) we see
that [A, Z(A, Y )] ker(A, X) ker(A, Y ) and (3) holds.
(4) and (5) Are immediate from part (3) and Lemma 6.4.2 
As a corollary we get:
Corollary 6.4.5. Assume that f is an A-equivalence.
(1) For any n, f is an A/Γn(A)-equivalence.
(2) If Y is solvable of derived length n, then f is an A/A(n+1)-equivalence.
Proof. Statement (1) follows from Lemma 6.4.4(2). To prove (2), assume that Y (n) = 1. Then
A(n)  ker(A, Y )  Z(A, Y ). Hence A(n+1)  [A, Z(A, Y )] and by Lemma 6.4.4(5), f is an A/A(n+1)-
equivalence. 
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We saw elsewhere [FGS, Theorem 1.4(4) and (6)] that the kernel K of a cellular cover cellA G → G
is reduced for any nilpotent G and torsion free for any abelian G . In [BuDu] it was shown that there
exists a nilpotent G of class 2 such that K contains torsion.
More generally we saw in Proposition 5.2.3 that if f is an A-injection between an A-generated X
and a nilpotent Y , then its kernel is reduced. The kernel of an A-injection with nilpotent target can
also contain torsion, even if A is torsion. This however cannot happen for A-equivalences:
Proposition 6.5.1. Suppose that f is an A-equivalence, X is A-generated, and Y is nilpotent. If ker f contains
p-torsion, then Ab(A) is p-torsion free.
Proof. Assume that ker f and Ab(A) contain p-torsion. Since X is A-generated, then f is an X-
injection (see Proposition 5.1.2(4)) and hence ker f is both Ab(A) and Ab(X) null. These groups are
therefore p-divisible, otherwise they would admit a non-trivial homomorphism into ker f . As Y is
assumed to be nilpotent, then according to Proposition 5.2.1 so is X . This implies that X is also p-
divisible. Let us choose a non-trivial p-torsion element a ∈ ker f . This element has then to belong to
a subgroup i : U ⊂ X which is isomorphic to C(p∞).
According to Lemma 6.4.5(1), f is an Ab(A)-equivalence. Since Ab(A) is p-divisible and contains
p-torsion, then it contains C(p∞) as a summand. This implies that f is also a C(p∞)-equivalence
(see Proposition 6.1.2). Let V ⊂ Y be the image of i f . As a quotient of C(p∞), the group V is either
trivial or isomorphic to C(p∞). Let s : V → X be the lift of V ⊂ Y , which exists since f is a C(p∞)-
equivalence. As such lifts are unique, we have i = i f s, which implies that i f is an injection, because i
is so. This contradicts our assumption that the element a belongs to the kernel of i f . 
Example 6.5.2. In this example we show that unlike in the case of cellular covers of abelian groups,
if f is a general A-equivalence between abelian groups, then ker f need not be torsion free.
Take A = Q, X = C(p∞) = Y , and let f : X → Y be deﬁned by xf := px. Since ker f  C(p) and
Hom(Q,C(p)) = 0, then by Proposition 5.1.1 we get that f is A-injective. Pick ϕ ∈ Hom(A, Y ), then
the map ψ :a → ((1/p)a)ϕ is a lift of ϕ . Thus f is A-surjective so f is an A-equivalence.
6.6. Factorizations and A-equivalences
Analogously to what was presented in Section 5.5, in this subsection we discuss the possibility of
expressing f as a composition gh with h an A-equivalence this time. We would like to ﬁnd such a
factorization which is universal: we say that a factorization f = gh with h an A-equivalence is univer-
sal if, for any other factorization f = g′h′ with h′ an A-equivalence, there is a unique homomorphism
α such that gα = g′ and αh′ = h.
We now construct a relevant factorization in 3 steps. Deﬁne ﬁrst X0 := X  (∐ϕ∈Hom(A,Y ) Aϕ),
where Aϕ is a copy of A, for each ϕ ∈ Hom(A, Y ). Let g0 : X → X0 be the inclusion onto the ﬁrst
component and h0 : X0 → Y be given by f on the X-component and by ϕ on the Aϕ-component.
Next we take the factorization of h0 as described in Proposition 5.5.1. Recall that it is done in two
steps. First deﬁne X1 := X0/[kerh0, X0]. Denote by g1 : X → X1 the composition of g0 with the quo-
tient homomorphism. Let h1 : X1 → Y be induced by h0. Note that kerh1 is central in X1. It follows
that conA(kerh1) is normal (in fact central) in X1 and we can deﬁne X2 := X1/ conA(kerh1). Let
g : X → X2 be the composition of g1 and the quotient homomorphism and h : X2 → Y be induced
by h1.
Proposition 6.6.1.
(1) h is an A-equivalence.
(2) If X is A-generated, then the factorization f = gh is universal.
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the universal factorization of h0 such that h is an A-injection. From the construction, h0 is an A-
surjection. Statement (1) follows then from Proposition 5.5.1(2).
(2) Let f = g′h′ and h′ : X ′ → Y be an A-equivalence. Since h′ is an A-equivalence there is a unique
ϕ0 : X0 → X ′ such that g0ϕ0 = g′ and ϕh′ = h0. Since X is A-generated, the same is true for X0. We
can now use Proposition 5.5.1(3) to get the unique α : X2 → X ′ for which gα = g′ and αh′ = h. 
7. A-cellularity
Recall from Deﬁnition 2.2(1) that a group G is A-cellular if any A-equivalence is also a G-
equivalence. The purpose of this section is to discuss key properties of A-cellular groups, to give an
explicit construction of the A-cellular cover of a group, and to characterize the collection of A-cellular
groups.
We start with some basic properties of A-cellular groups.
Proposition 7.1.
(1) If {Gi}i∈I is a set of A-cellular groups, then∐Gi is A-cellular.
(2) Let I be a small category and F : I → Groups be a functor. If F (i) is A-cellular, for all i ∈ I , then colimI F
is A-cellular.
(3) If G is A-cellular, then, for any normal subgroup N  G, each of the following implies that G/N is also
A-cellular:
(a) N is A-constructible;
(b) G splits over N;
(c) N = [G,M] for some normal subgroup M of G.
Proof. Let f : X → Y be an A-equivalence. Note that (1) is a particular case of (2).
(2) Since F (i) are A-cellular, f is an F (i)-equivalence, for all i. Consequently, by Lemma 6.2.2, f is
colimI F -equivalence, and thus, by deﬁnition, colimI F is A-cellular.
(3) As G is A-cellular, f is a G-equivalence and ker f is A-null. Under the hypothesis of (a), ker f
is also N-null, so by Proposition 6.1.2(1) (with G in place of A there), f is a G/N-equivalence. If
the hypothesis of (b) (resp. (c)) holds, then f is a G/N-equivalence by Proposition 6.1.2(3) (resp.
Lemma 6.4.4(2)). 
Notice that Proposition 7.1(3c) implies the following:
Corollary 7.2. If G is A-cellular, the so is G/Γi(G), for any i  1.
7.3. The A-cellular cover
Before giving its explicit construction, it is advantageous ﬁrst to describe the A-cellular cover by
its universal property:
Deﬁnition 7.3.1. An A-cellular cover of a group G is a homomorphism c : X → G such that X is A-
cellular and c is an A-equivalence.
Remark 7.3.2. The A-cellular cover, deﬁned above, is the homomorphism c : X → G for which ι ◦ c is
the universal factorization of the trivial homomorphism f : 1→ G in the sense of Section 6.6.
As we will see below, an A-cellular cover of any group G exists. At the moment we note that it is
unique:
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are two A-cellular covers of G then there exists a unique isomorphism η : X1 → X2 with c1 = ηc2 .
Proof. Since c2 is an A-equivalence and since X1 is A-cellular, there exists a unique η = η1 : X1 → X2
with c1 = η1c2. Similarly there exists η2 : X2 → X1 with c2 = η2c1. Now η1η2c1 = η1c2 = c1, so since
c1 is an X1-equivalence, η1η2 = 1X1 . Similarly η2η1 = 1X2 . 
The A-cellular cover is an eﬃcient tool to show A-cellularity of a group. Here is an illustration of
how this can be done using the universal property describing the A-cellular cover:
Proposition 7.3.4. Assume that G is A-generated and that either G is ﬁnite or A is perfect. If H2(G) is A-
constructible, then G is A-cellular.
Proof. Consider the A-cellular cover cA : cellA G → G (see Corollary 7.3.8 below). Since G is A-
generated it is surjective and by deﬁnition it is an A-injection. We can thus use Corollary 5.4.3 to
conclude that cA is an isomorphism. 
Example 7.3.5. Let G = Sn be the symmetric group. We claim that Sn is C(m)-cellular for any even
positive integer m. Indeed, it is clear that Sn is C(m)-generated. Further, Schur showed that the Schur
multiplier H2(Sn) is trivial, for n 3 and is isomorphic to C(2) for n 4, see [Ka, Theorem 2.12.3], so
H2(Sn) is C(m)-generated. By Proposition 7.3.4, the claim holds.
We now give an explicit construction of the A-cellular cover of a group. The following proposition
is the main observation used for our construction.
Proposition 7.3.6. Let: H be an A-cellular group, ev : H → G an A-surjectivemap, R be the kernel of ev, S :=
H/[H, R], e : S → G be homomorphism induced by ev, N := ker e, so that N = R/[H, R], X := S/ conA N,
and ﬁnally let c : X → G be the homomorphism induced by e. Then c is the A-cellular cover of G.
Proof. First note that both e and c are A-surjective. The map e is A-surjective because ev is A-
surjective and [H, R]  R = ker(ev). Similarly, c is A-surjective. We show that X is A-cellular and
that c is A-injective.
By Proposition 7.1(3), both S and X are A-cellular. Notice that ker e = R/[H, R] is central in S .
Also ker c ∼= ker e/ conA(ker e) is A-null, by Proposition 4.2.2(2). Thus according to Proposition 5.1.1, c
is A-injective. Consequently c is an A-equivalence. 
We can now construct cellA G for a group G in terms of the subgroup conA(−). For other ap-
proaches compare [Fl,CFGS,RoSc]. We use the following notation.
Notation 7.3.7. Let G be a group. In view of Proposition 7.3.6 we set:
(1) GA = GA,G :=∐ϕ∈Hom(A,G) Aϕ to be the free product of Aϕ , where Aϕ is a copy of A, for all ϕ;
(2) ev :GA → G is the evaluation homomorphism, which restricted to Aϕ is ϕ;
(3) RA = RA,G = ker ev;
(4) S A = S A,G := GA/[GA, RA];
(5) e : S A → G is the homomorphism induced by ev;
(6) NA = NA,G := ker e;
(7) cellA G := S A/ conA(NA) and cA = cA,G : cellA G → G is the homomorphism induced by e.
Corollary 7.3.8. For any A and G, the homomorphism cA : cellA G → G is the A-cellular cover of G.
Proof. By Proposition 7.1(1) the group GA of Notation 7.3.7 is A-cellular and clearly the map
ev :GA → G is A-surjective, so the corollary holds by Proposition 7.3.6. 
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Corollary 7.3.9. If A is perfect, then conA(NA) = 1. In particular cellA G = GA/[RA,GA].
Proof. Let A be perfect. Then any abelian group is A-null and consequently there are no non-trivial A-
constructible abelian groups. Since NA is abelian, its subgroup conA(NA) must therefore be trivial. 
The purpose of the next subsection is to identify the collection of A-cellular groups as the closure,
in the category of groups, of {A} under colimits.
7.4. A-cellularity and colimits
The aim of this subsection is to prove the following proposition:
Proposition 7.4.1. Let G be a group. Then the following are equivalent:
(i) G is A-cellular.
(ii) G is in the closure of {A} under colimits.
(iii) G is in the closure of {A} under coproducts, quotients by normal A-constructible subgroups, and quotients
by subgroups of the form [N,G] G for some normal subgroup N  G.
We ﬁrst need the following lemma.
Lemma 7.4.2. Let CA be the closure of {A} under colimits, let G ∈ CA and let N  G. Then
(1) G/[G,N] ∈ CA ;
(2) G/genA N ∈ CA ;
(3) G/ conA N ∈ CA .
Proof. (1) Let I = {∗} with mor(∗,∗) = N and with composition given by the multiplication in N . Let
F (∗) = G and for s ∈ N let F (s) be the inner automorphism of G induced by s. Then colimI F is the
quotient of G by the normal subgroup generated by the relation g ∼ s−1gs, for all g ∈ G and s ∈ N .
This colimit can be therefore identiﬁed with G/[G,N].
(2) Let I be the following small category. The objects of I are {∗A,∗N }. For i, j ∈ I , mor(i, j) = ∅
unless i = ∗A and j = ∗N in which case mor(i, j) = Hom(A,N). Let F : I → Groups be the functor
such that F (∗A) = A, F (∗N ) = N , and F (ϕ) = ϕ , for ϕ ∈ Hom(A,N). It can be readily veriﬁed that
colimI F ∼= G/genA N .
(3) For an ordinal β , let Aβ(N) be as in Deﬁnition 4.2.1. We claim that G/Aβ(N) ∈ CA . Assume
not and let β be minimal subject to G/Aβ(N) /∈ CA . If β is a successor, we get a contradiction using
part (2). If β is a limit ordinal, then G/Aβ(N) is the colimit of {G/Ai(N) | i < β}, so G/Aβ(N) ∈ CA ,
a contradiction. 
Proof of Proposition 7.4.1. Let CA be the closure of {A} under colimits and BA be the closure of {A}
under coproducts, quotients by normal A-constructible subgroups, and quotients by subgroups of the
form [N,G] G for a normal subgroup N  G .
Let G be a group. We ﬁrst claim that cellA G ∈ BA ∩ CA . Let the notation be as in Notation 7.3.7.
Then GA ∈ BA ∩ CA , because GA is free products of copies of A. By deﬁnition S A = GA/[GA, RA] ∈
BA , and by Lemma 7.4.2(1), S A ∈ CA . Then, by deﬁnition, cellA G = S A/ conA(ker e) ∈ BA and by
Lemma 7.4.2(3) cellA G ∈ CA .
Let G be an A-cellular group. Then the identity map c :G → G is the A-cellular cover of G , so by
the previous paragraph of the proof G = cellA G ∈ BA ∩ CA .
Next if G ∈ BA , then by Lemma 7.4.2, G ∈ CA , and by Proposition 7.1(3), we get that G is A-
cellular. 
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There is a close relation between A-cellular groups and A-generated groups. In this subsection
we illustrate these phenomena by several examples. Section 9 quantiﬁes the difference between A-
cellularity and A-generation.
We start by recalling the following proposition which was ﬁrst proved in [RoSc, Proposition 6.5.1].
Proposition 7.5.1. The image of the A-cellular cover cA : cellAG → G is genA G. Moreover, the groups cellA G
and genA G are isomorphic iff cA is injective.
Proof. Since cellA G is A-cellular it is A-generated and hence its image under cA is A-generated.
Since cA is A-surjective it follows that the image of cA coincides with genA G . This shows the ﬁrst
assertion. Assume now that cA is injective. Then cA is an isomorphism between cellA G and genA G .
On the other hand, if cellA G and genA G are isomorphic, then genA G is A-cellular. The inclusion
genA G ⊂ G is then the A-cellular cover of G and so cA is injective. 
For ﬁnitely generated nilpotent groups we get that A-cellularity and A-generation is the same
thing:
Corollary 7.5.2. Let G be a ﬁnitely generated nilpotent group. Then
(1) G is A-cellular if and only if it is A-generated.
(2) Any quotient of G is G-cellular.
Proof. Let G be a ﬁnitely generated nilpotent group. If G is A-cellular, then it is A-generated
(see 2.3(2)). Conversely, assume that G is A-generated, then, since cA : cellAG → G is an A-injection,
Proposition 5.2.2(2) implies that it is an injection and the corollary follows from Proposition 7.5.1. This
shows (1) and (2) is an immediate consequence of (1). 
Furthermore we have:
Proposition 7.5.3. Assume that G is ﬁnite and g : Y → G is a stem cover (see Deﬁnition 1.5). Then Y is
A-cellular iff Y is A-generated (for any A).
Proof. If Y is A-cellular, then by Proposition 2.3(2) it is A-generated. Assume that Y is A-generated.
Since G is ﬁnite, then so is Y and hence the cellular cover cA : cellAY → Y is a stem extension (see
Proposition 5.4.1). Its kernel is cellAY -null as it is A-null. We can then use Proposition 1.8 to conclude
that cA f is a stem extension. By Proposition 1.10, Y is the largest stem extension of G , so cellA Y = Y
and so Y is A-cellular. 
Examples 7.5.4.
(1) If G is ﬁnite and super perfect (H1(G) = H2(G) = 0), then G is A-cellular iff G is A-generated.
This is because the identity map G → G is a stem cover of G .
(2) Let n,m  2 and G = SLn(F ), where F is a ﬁnite ﬁeld. Assume that (n, |F |) = (2,4), (2,9), (3,2),
(3,3), (4,2). We claim that if n 3 and Hom(A,G) = 0, then G is A-cellular. This holds because
by Example 3.4(4), G is A-generated. Further by [Ka, Theorem 7.1.1], G is super perfect. By the
above example the claim holds.
The same argument shows that if n = 2 and there exists ϕ ∈ Hom(A,G) such that Aϕ is neither
trivial nor cyclic of order 2, then G is A-cellular.
In particular, for n  3 the group SLn(F ), |F | > 4, is C(m)-cellular iff gcd(m, |SLn(F )|) = 1, and
there is a similar statement for n = 2. Compare with [Fl, Section 5.2].
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cellB coincide.
Proposition 7.5.5.
(1) Let B be a group. Then cellB G = genA G, for every group G, iff B is A-generated and every quotient of a
ﬁnite coproduct of copies of A is B-cellular.
(2) Let B be the coproduct of all quotients of ﬁnite coproducts of copies of A. Then cellB G = genA G = genB G,
for any group G.
Proof. (1) Assume ﬁrst that cellB G = genA G , for every group G . Then B = cellB B = genA B , so B
is A-generated. Also, if G is A-generated, then G = genA G = cellB G , so G is B-cellular. Since every
quotient of a ﬁnite coproduct of copies of A is A-generated, such quotient is B-cellular.
Conversely suppose that B is A-generated and that every quotient of a ﬁnite coproduct of copies
of A is B-cellular. Notice that genA G = genB G , for every group G . This is because any B-generated
group is A-generated (since B is A-generated). The equality cellB A = A implies that A is B-generated,
and consequently every A-generated group is B-generated.
Thus to show that cellB G = genA G it suﬃces to prove that cellB G = genB G , which by Proposi-
tion 7.5.1 is equivalent to c := cB : cellB G → G being an injection.
Let 1 = x ∈ cellB G . Since cellB G is B-generated, it is A-generated, thus there exists a ﬁnite co-
product of copies of A:
∐
A, and a homomorphism f :
∐
A → cellB G , such that x ∈ im f . The image
of the composition f c in G is then a quotient of a ﬁnite coproduct of copies of A, so it is B-cellular.
Thus the inclusion ι : im( f c) → G factors through c. Let q : im( f c) → cellB G such that qc = ι. Then
f c = f cqc, so by the universal property of c (since ∐ A is B-cellular), we get that f = f cq. It follows
that x is in the image of q, so since qc = ι is injective, x /∈ ker c. Thus c is injective.
(2) Clearly B is A-generated. Let D be a quotient of a ﬁnite coproduct of copies of A. Then B can
be written as a semidirect product N  D . By Proposition 7.1(2), D is B-cellular and hence (2) follows
from (1). 
8. Retracts
In this section we recall some well known facts about retracts and their connections with the
notions deﬁned in previous sections. Lemma 8.5 below was already noted in [CFGS, Section 3]. We
use the following notation:
Notation 8.1. Let X, Y , Z and A be sets (or groups).
(1) map(X, Y ) is the set of maps (resp. group homomorphisms) X → Y .
(2) For f : X → Y we write map(A, f ) :map(A, X) → map(A, Y ) for the map g → g f and we write
map( f , A) :map(Y , A) →map(X, A) for the map g → f g .
Next we deﬁne and state a few general lemmas about retracts. These are probably much more
familiar to topologists than to group theorists.
Deﬁnitions 8.2. Let R, S, X, Y be sets (or groups).
(1) We say that R is a retract of X via the maps ι and π if
R ι−→ X π−→ R are such that ι ◦ π = 1R .

















Lemma 8.3. A retract of an isomorphism is an isomorphism.
Proof. We work with the diagram in Deﬁnition 8.2(2). Assume r : R → S is a retract of the isomor-
phism f : X → Y . Let ρ1,ρ2 ∈ R with ρ1 = ρ2. Then
(ρ1)r j = (ρ1)ι f = (ρ2)ι f = (ρ2)r j,
so (ρ1)r = (ρ2)r and r is injective. It is clear that r is surjective. 
Lemma 8.4. Let R be a retract of X via R ι−→ X π−→ R, then:


























is a commutative diagram showing that map(R, g) is a retract of map(X, g);
(3) if S is a retract of Y via S
j−→ Y ν−→ S, and r : R → S is a retract of f : X → Y , then, for any A, map(A, r)
is a retract of map(A, f ).
Proof. The commutativity of the relevant diagrams can be easily veriﬁed. 
Lemma 8.5. Let A be a group. Then:
(1) If a group R is a retract of a group X and X is A-cellular, then R is A-cellular.
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(3) A retract of a cellular cover is a cellular cover.
Proof. (1) Let g :U → V be an A-equivalence. Then g is an X-equivalence, that is, map(X, g) is an
isomorphism. By Lemma 8.4(2), map(R, g) is a retract of map(X, g), so by Lemma 8.3, map(R, g) is
an isomorphism. Hence, by deﬁnition, R is A-cellular.
(2) Again, by Lemma 8.4(3), map(A, r) is a retract of map(A, f ), so by Lemma 8.3, map(A, r) is an
isomorphism.
(3) A group homomorphism f :G → M is a cellular cover if and only if it is a G-equivalence.
Suppose f is a cellular cover, and that r : X → Y is a retract of f . By (2), r is a G-equivalence, and
since X is a retract of G , (1) implies that r is an X-equivalence, so r is a cellular cover. 
9. H2(G) and the kernel of cA : cellA G → G
A-cellularity implies A-generation (see Proposition 2.3(2)). The aim of this section is to understand
how far an A-generated group is from being A-cellular, and how can this difference be estimated. We
were motivated by Ramon J. Flores results in [Fl, Section 4], and among other things we give algebraic
generalizations and explanation of some of his results and ideas. Throughout this section G denotes
an A-generated group and cA : cellA G → G the A-cellular cover (see Section 7.3), and K := ker cA .
The assumption that G is A-generated implies that cA is surjective. Thus G is A-cellular iff cA is also
injective, i.e., G is A-cellular iff K = 1.
We start with the proof of Theorem 3 of the introduction.
Theorem 9.1. Let A be nilpotent and G be A-generated and ﬁnite. Then for any stem cover c˜ : X G of G, the
homomorphism c : X/ conA(ker c˜) → G, induced by c˜, is the A-cellular cover of G.
Proof. The homomorphism c : X/ conA(ker c˜) → G is a stem extension of G whose kernel is A-null.
By Proposition 3.10, c is then an A-equivalence.
It follows that the cover cA : cellA G → G can be expressed as a composition of ψ : cellA G →
X/ conA(ker c˜) and c. Notice that since cA is surjective, and c is a stem extension, ψ is surjective, by
Lemma 1.7. Thus ψ(ker cA) = ker c. However ker c ∼= H2(G)/ conA(H2(G)), because ker c˜ ∼= H2(G), and
since ker cA is a homomorphic image of H2(G) and it is A-null, it is a homomorphic image of ker c
(see Proposition 9.4 ahead). It follows that ψ is injective on ker cA , so ψ is an isomorphism. 
Examples 9.2.
(1) Let n,m  2 and let G = PSLn(F ), where F is a ﬁnite ﬁeld. Assume that (n, |F |) = (2,2), (2,3),
(2,4), (2,9), (3,2), (3,3), (4,2), and that gcd(m, |G|) = 1. Let d = gcd(n, |F ∗|). Then G is C(m)-
cellular iff every prime p that divides d, divides m.
Indeed, by Theorem 9.1, G is C(m)-cellular iff G is C(m)-generated and H2(G) is C(m)-
constructible. Now since gcd(m, |G|) = 1 and since G is simple, G is C(m) generated. Also, by
[Ka, Theorem 7.1.1] H2(G) ∼= C(d), so H2(G) is C(m)-constructible iff C(d) is C(m)-constructible.
But since every prime that divides d divides m, Proposition 4.3.1(3) shows that C(d) is C(m)-
constructible.
(2) The alternating group An , n  5 is C(m)-cellular iff m is even, if n = 6,7 or m is divisible by
6 if n = 6,7. The argument is the same as in the example above, recalling that for n = 6,7,
H2(An) ∼= C(2), while for n = 6,7, H2(An) ∼= C(6) (see [Ka, Theorem 2.12.5, p. 106]).
(3) Let G = A4, the alternating group. Then G is C(3)-generated, and since H2(G) ∼= C(2), we see that
H2(G) is C(3)-null. Hence, by Corollary 5 of the introduction A4 has a unique stem cover which
must be SL2(3) and then cellC(3) A4 = SL2(3).
Next we make an observation which is immediate from our construction of cellA G .
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(1) For any A-generated G, the A-cellular cover cA : cellA G → G is the universal central extension of G. In
particular ker cA is isomorphic to H2(G), hence:
(2) A group is A-cellular iff it is A-generated and its Schur multiplier is trivial.
Proof. We use Notation 7.3.7. Since the Schur multiplier and the abelianization turn coproducts
(i.e. free products) of groups into coproducts (i.e. direct sums) of abelian groups, it follows that GA
is super perfect. Since G is A-generated it is perfect and of course the evaluation map ev : GA  G
is surjective. Hence, by Proposition 1.11 and Corollary 7.3.9, cellA G ∼= GA/[GA, RA] is the universal
central extension of G . Part (2) is an immediate consequence of (1). 
Since K is central in cellA G and G is A-generated, cA : cellA G → G is a central extension. In
particular we have an exact sequence (see (1.3)):
H2(cellA G)
a−→ H2(G) b−→ K c−→ H1(cellA G). (9.1)
Assume that cA is stem, i.e. its differential b : H2(G) → K is surjective. Since the image of
conA(H2(G)) under b is contained in conA K and conA K = 1, as K is A-null, K is a quotient of
H2(G)/ conA(H2(G)). Using Proposition 5.4.1 we can then conclude:
Proposition 9.4. Assume that A is perfect or G is ﬁnite. Then the homomorphism b : H2(G) → K of Eq. (9.1)
is surjective and K is a quotient of H2(G)/ conA(H2(G)). Moreover the universal coeﬃcient homomorphism
μ : H2(G, K ) → Hom(H2(G), K ) is an isomorphism.







where, as in Notation 7.3.7, GA =∐ϕ∈Hom(A,G) Aϕ and ev : GA → G is the evaluation homomorphism
which, restricted to the component Aϕ, is equal to ϕ . Recall also that R := RA denotes the kernel














The key consequence of the commutativity of this diagram is the fact that the differential b : H2(G) →
K factors through the quotient R/[R,GA] K .
Let us analyze the diagram (9.2). By deﬁnition of cA (see Notation 7.3.7) the kernel of the homo-
morphism R/[R,GA] K is given by conA(R/[R,GA]). As the top row of this diagram is exact, the
kernel of the restriction of c¯ to conA(R/[R,GA]) coincides with the image under b¯ of the kernel of b.
In this way we get an exact sequence:
H2(GA)
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0→ im a¯ ↪→ kerb ker c¯ → 0.
Assume now that H1(A) is ﬁnitely generated. We claim that this implies that ker c¯ is A-constructible.
If H1(A) is inﬁnite, then Z is a quotient of H1(A) and hence a quotient of A. In this case Z is A-
constructible and consequently all groups, in particular ker c¯, are A-constructible. Assume then that
H1(A) is ﬁnite and let n be its order. The group H1(GA) =⊕ϕ∈Hom(A,G) H1(Aϕ) is then annihilated by
n and we can ﬁnd the smallest positive integer k that annihilates the image of c¯ in H1(GA). The group
C(k) is then a quotient of this image and hence a quotient of conA(R/[R,GA]). Consequently C(k) is
A-constructible. Moreover k(conA(R/[R,GA])) ⊂ ker c¯ and the quotient ker c¯/k(conA(R/[R,GA])) is
annihilated by k. In this way we expressed ker c¯ as an extension of A-constructible groups, proving
that ker c¯ is also A-constructible.
Assume further that H2(A) is A-constructible. The group H2(GA) =⊕ϕ∈Hom(A,G) H2(Aϕ) is then
also A-constructible and hence so is the image of a¯. We can use the exactness of the above short
sequence to conclude that kerb is A-constructible. In particular kerb ⊂ conA(H2(G)), by Propo-
sition 4.2.2(3). However K is A-null. Thus kerb has to contain conA(H2(G)). This means that
kerb = conA(H2(G)). In view of the above argument we will sometimes make the following hypoth-
esis.
Hypothesis 9.5. H1(A) is ﬁnitely generated (which in particular holds when A is ﬁnitely generated) and
H2(A) is A-constructible.
We have proven:
Proposition 9.6. Assume that A satisﬁes Hypothesis 9.5. Then kerb = conA(H2(G)).
We can now prove Theorem 2 of the introduction:
Theorem 9.7. Let G be an A-generated ﬁnite group. Assume that A satisﬁes Hypothesis 9.5. Then the universal
coeﬃcient homomorphism μ : H2(G, K ) → Hom(H2(G), K ) is an isomorphism. Moreover, the homomor-
phism b : H2(G) → K of Eq. (9.1), corresponding to the extension cA : cellA G G, is surjective and its kernel
is conA(H2(G)).
Proof. By Proposition 9.4, the ﬁniteness of G implies that the homomorphism b : H2(G) → K is sur-
jective and μ : H2(G, K ) → Hom(H2(G), K ) is an isomorphism. By Proposition 9.6, the assumptions
on A imply that the kernel of b is conA(H2(G)). 
We conclude with:
Proposition 9.8. Let A be a ﬁnitely generated nilpotent group. Then A satisﬁes Hypothesis 9.5, and hence the
conclusions of Proposition 9.6 hold for A.
Proof. If A is inﬁnite, then so is Ab(A). Since Ab(A) is also ﬁnitely generated, Z is its quotient.
Consequently any group is A-generated.
Assume that A is ﬁnite. Then π(H2(A)) ⊆ π(A) = π(H1(A)). Thus H2(A) is H1(A)-constructible
and hence A-constructible. 
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